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  𝑦𝑦′ − 𝑦𝑦 − 𝑥𝑥 + 1 = 0                                         … (25)  

Note that (25) is the differential eq. 

Remark: There is another way to find the differential equation 

from the general solution group by using some linear algebra 

rules and finding the parameters of the arbitrary constants and 

making it equal to zero. 

Example (9) : Find the differential equation of Example (8) 

using the (determinant method) 

Sol. :  𝑦𝑦 = 𝐴𝐴𝑒𝑒𝑥𝑥 − 𝑥𝑥  → 𝐴𝐴𝑒𝑒𝑥𝑥 − 𝑥𝑥 − 𝑦𝑦 = 0              … (26) 

𝑦𝑦′ = 𝐴𝐴𝑒𝑒𝑥𝑥 − 1 → 𝐴𝐴𝑒𝑒𝑥𝑥 − 1 − 𝑦𝑦′ = 0              … (27) 

�
𝑒𝑒𝑥𝑥 −𝑥𝑥 − 𝑦𝑦
𝑒𝑒𝑥𝑥 −1 − 𝑦𝑦′� = 0                                    

𝑒𝑒𝑥𝑥(−1 − 𝑦𝑦′) + (𝑥𝑥 + 𝑦𝑦)𝑒𝑒𝑥𝑥 = 0                      

−𝑒𝑒𝑥𝑥 − 𝑒𝑒𝑥𝑥𝑦𝑦′ + 𝑥𝑥𝑒𝑒𝑥𝑥 + 𝑦𝑦𝑒𝑒𝑥𝑥 = 0    (𝑒𝑒𝑥𝑥 ≠ 0) 

Then −1 − 𝑦𝑦′ + 𝑥𝑥 + 𝑦𝑦 = 0                    … (28) 

And this is the diff. eq. 

Example (10) : Find the diff. eq. that the general solution is  

𝑦𝑦 = 𝑐𝑐1𝑥𝑥 + 𝑐𝑐2𝑥𝑥3using the determinant method 

Sol. : 𝑦𝑦 = 𝑐𝑐1𝑥𝑥 + 𝑐𝑐2𝑥𝑥3  → 𝑐𝑐1𝑥𝑥 + 𝑐𝑐2𝑥𝑥3 − 𝑦𝑦 = 0           … (29) 

𝑦𝑦′ = 𝑐𝑐1 + 3𝑐𝑐2𝑥𝑥2  →  𝑐𝑐1 + 3𝑐𝑐2𝑥𝑥2 − 𝑦𝑦′ = 0          … (30) 
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𝑦𝑦′′ = 0 + 6𝑐𝑐2𝑥𝑥 → 0 + 6𝑐𝑐2𝑥𝑥 − 𝑦𝑦′′ = 0                  … (31) 

The det. is  

�
𝑥𝑥 𝑥𝑥3 −𝑦𝑦
1 3𝑥𝑥2 −𝑦𝑦′
0 6𝑥𝑥 −𝑦𝑦′′

� = 0 

𝑥𝑥 �3𝑥𝑥
2 −𝑦𝑦′

6𝑥𝑥 −𝑦𝑦′′� − 1 �𝑥𝑥
3 −𝑦𝑦

6𝑥𝑥 −𝑦𝑦′′� + 0 � 𝑥𝑥
3 −𝑦𝑦

3𝑥𝑥2 −𝑦𝑦′
� = 0 

𝑥𝑥(−3𝑥𝑥2𝑦𝑦′′ + 6𝑥𝑥𝑦𝑦′) − (−𝑥𝑥3𝑦𝑦′′ + 6𝑥𝑥𝑥𝑥) = 0 

−3𝑥𝑥3𝑦𝑦′′ + 6𝑥𝑥2𝑦𝑦′ + 𝑥𝑥3𝑦𝑦′′ − 6𝑥𝑥𝑥𝑥 = 0 

[−2𝑥𝑥3𝑦𝑦′′ + 6𝑥𝑥2𝑦𝑦′ − 6𝑥𝑥𝑥𝑥 = 0]  ÷
1
6
𝑥𝑥 

−𝑥𝑥2𝑦𝑦′′

3
+ 𝑥𝑥𝑦𝑦′ − 𝑦𝑦 = 0   

𝑦𝑦 =
−𝑥𝑥2𝑦𝑦′′

3
+ 𝑥𝑥𝑦𝑦′                    … (32) 

And this is the same result in Ex.7 eq.(22) 
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Exercises:                                            

1- Find the differential equation of the following curves where 

A,B and C are arbitrary constants.  

𝑎𝑎) 𝑦𝑦 = 𝐴𝐴𝑥𝑥2 + 𝐴𝐴2                         𝑐𝑐) 𝑦𝑦 = 𝐴𝐴 sin 𝑥𝑥 + 𝐵𝐵 cos 𝑥𝑥  

𝑏𝑏) 𝑦𝑦 = 𝐴𝐴𝑥𝑥2 + 𝐵𝐵𝐵𝐵 + 𝐶𝐶                   𝑑𝑑) 𝑦𝑦 = 𝐴𝐴𝑒𝑒𝑥𝑥 cos(3𝑥𝑥 + 𝐵𝐵)  

2- Find the differential equation in which the general solution is 

the set of equations of the circles whose centers are located on 

the line 𝑦𝑦 = 𝑥𝑥 and the radius of each is equal to 1. 

3- Find the differential equation of the hyperbola 𝑥𝑥𝑥𝑥 = 𝑐𝑐   ;  𝑐𝑐  is 

an arbitrary constant. 

4- Find the differential equation for the set of all straight lines in 

the plane. 

5- Find the differential equation of the following parabolas  

𝑦𝑦2 = 4𝑝𝑝(𝑥𝑥 − ℎ). 

6- Find the differential equation for the set of all circles that 

contact with y-axis in the origin point. 
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1.6 : Existence and Uniqueness of the Solution of the 

differential equation. 

Consider the ordinary differential equation 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑓𝑓(𝑥𝑥,𝑦𝑦) with 

the initial value 𝑦𝑦(𝑥𝑥0) = 𝑦𝑦0 where f is defined on the region 

𝑅𝑅 = {(𝑥𝑥,𝑦𝑦): |𝑥𝑥 − 𝑥𝑥0| < 𝑎𝑎, |𝑦𝑦 − 𝑦𝑦0| < 𝑏𝑏, 𝑎𝑎&𝑏𝑏 > 0} 

If 𝑓𝑓 and 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

 are continuous on 𝑅𝑅 then the equation 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝑓𝑓(𝑥𝑥,𝑦𝑦) 

has unique continuous solution 𝑦𝑦 = Φ(x) passes from the point 

(𝑥𝑥0,𝑦𝑦0) for all 𝑥𝑥, 𝑦𝑦 𝑖𝑖𝑖𝑖 𝑅𝑅 

(i.e.) 

⎩
⎪
⎨

⎪
⎧

1) 𝐼𝐼𝐼𝐼 𝑓𝑓 𝑖𝑖𝑖𝑖 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛
(𝑥𝑥0,𝑦𝑦0)𝑡𝑡ℎ𝑒𝑒𝑒𝑒 𝑡𝑡ℎ𝑒𝑒 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑖𝑖𝑖𝑖

𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒

2) 𝐼𝐼𝐼𝐼 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

 𝑖𝑖𝑖𝑖 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛

(𝑥𝑥0,𝑦𝑦0) 𝑡𝑡ℎ𝑒𝑒𝑒𝑒 𝑡𝑡ℎ𝑒𝑒 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠  𝑖𝑖𝑖𝑖 𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢

  

 

Example (11) : Is the solution of the equation                         
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 2𝑥𝑥   ,𝑦𝑦(1) = 3                                       … (33) 

Exist and unique at (1,3)? 

Sol. :  

1)   𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 2𝑥𝑥  then 𝑓𝑓(𝑥𝑥, 𝑦𝑦) = 2𝑥𝑥 
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Its clear that f is continuous at all 𝑥𝑥&𝑦𝑦 in xy plane then the 

solution is exist at (1,3)  

2)  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 0 and its continuous too at all  𝑥𝑥&𝑦𝑦 in xy plane then the 

solution is unique  at (1,3) Integrating (33) to find the general 

Sol.  

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 2𝑥𝑥 → 𝑑𝑑𝑑𝑑 = 2𝑥𝑥𝑥𝑥𝑥𝑥 → 𝑦𝑦 = 𝑥𝑥2 + 𝑐𝑐      … (34) 

and this is the general solution where c is an arb. Cons. 

Sub. y(1)=3 in (34), we get y(1)=12 + 𝑐𝑐 → 3 = 1 + 𝑐𝑐 → 𝑐𝑐 = 2 

∴ 𝑦𝑦 = 𝑥𝑥2 + 2 is the solution passes from (1,3) and its clear that 

its unique. 

 Its clear that solution 𝑦𝑦 = 𝑥𝑥2 + 2 passes from the point (1,3) 

and it’s the only one. 
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Example (12) : consider  𝑥𝑥 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑦𝑦  discuss the existence and 

uniqueness of solutions  

Sol. : 

 𝑥𝑥 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑦𝑦 → 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑦𝑦
𝑥𝑥

                                  … (35)  

 ∴ 𝑓𝑓(𝑥𝑥, 𝑦𝑦) = 𝑦𝑦
𝑥𝑥

                                          … (36) 

1) Its clear that 𝑦𝑦
𝑥𝑥
  is continuous at any point (𝑎𝑎, 𝑏𝑏) where 𝑎𝑎 ≠ 0 

So the solution is exist when 𝑎𝑎 ≠ 0 

2) 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 1
𝑥𝑥
 and its also continuous at any point (𝑎𝑎, 𝑏𝑏) where 𝑎𝑎 ≠

0 

So the solution is unique when 𝑎𝑎 ≠ 0 

Integrating eq. (35) 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=
𝑦𝑦
𝑥𝑥
→
𝑑𝑑𝑑𝑑
𝑦𝑦

=
𝑑𝑑𝑑𝑑
𝑥𝑥
→ ln 𝑦𝑦 = ln 𝑥𝑥 + ln 𝑐𝑐  

→ 𝑦𝑦 = 𝑐𝑐𝑐𝑐     … (37) 

Eq. (37) is the general solution where c is an arbitrary constant. 
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The figure shows that no solution has passes from the point (0,b) 

Remark: The point that does not satisfy the condition of 

existence and uniqueness is called the ( singular point ) . 

Example (13) : Does the following Initial value problem ( Ivp ) 

have a unique solution? 

 dy
dx

= ex cos y            ; y(0) = π
2

                                 … (38) 

Sol:       𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑒𝑒𝑥𝑥 cos𝑦𝑦 → 𝑓𝑓(𝑥𝑥,𝑦𝑦) = 𝑒𝑒𝑥𝑥 cos𝑦𝑦           … . (39) 

(1) sub.  �0, 𝜋𝜋
2
� in (39) 

 𝑓𝑓 �0, 𝜋𝜋
2
� = 𝑒𝑒0 cos 𝜋𝜋

2
= 0 → 𝑓𝑓(𝑥𝑥,𝑦𝑦) = 0         

𝑓𝑓(𝑥𝑥,𝑦𝑦)  is continuous near �0, 𝜋𝜋
2
� 

(2) 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝑒𝑒𝑥𝑥 sin 𝑦𝑦 

sub.  �0, 𝜋𝜋
2
�,  we get  
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𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= −1 and its continuous near �0, 𝜋𝜋
2
�. Then there is a unique 

solution at �0, 𝜋𝜋
2
�  

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑒𝑒𝑥𝑥 cos𝑦𝑦 →  
𝑑𝑑𝑑𝑑

cos𝑦𝑦
= 𝑒𝑒𝑥𝑥𝑑𝑑𝑑𝑑 → sec 𝑦𝑦 𝑑𝑑𝑑𝑑 = 𝑒𝑒𝑥𝑥𝑑𝑑𝑑𝑑   

 ln|sec 𝑦𝑦 + tan 𝑦𝑦| = 𝑒𝑒𝑥𝑥 + 𝑐𝑐                         … (40)      

But ln|sec𝑦𝑦 + tan 𝑦𝑦| = ln � 1
cos𝑦𝑦

+ tan 𝑦𝑦�   𝑎𝑎𝑎𝑎𝑎𝑎 cos 𝜋𝜋
2

= 0   

→
1

cos𝜋𝜋2
=

1
0

  

∴ there is no solution passes from �0, 𝜋𝜋
2
� and exist in the general  

solution group. (40) we must look for a solution in another way. 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 0                     𝑎𝑎𝑎𝑎 �0,
𝜋𝜋
2
� 

Integrating both sides  

 𝑦𝑦(𝑥𝑥) = 𝑐𝑐                                                                … (41) 

Sub. �0, 𝜋𝜋
2
�    → 𝑦𝑦(0) = 𝑐𝑐 → 𝜋𝜋

2
= 𝑐𝑐    ,sub. in (41) we get 

  𝑦𝑦(𝑥𝑥) = 𝜋𝜋
2
   and this is the unique solution passes through the 

point �0, 𝜋𝜋
2
�  
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 Example (14) : Does the following (IVP)       𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑥𝑥�𝑦𝑦 − 3     

  ,𝑦𝑦(−2) = 28                                               … (42) 

Have a unique solution or not? 

Sol.    𝑓𝑓(𝑥𝑥, 𝑦𝑦) = 𝑥𝑥�𝑦𝑦 − 3      

It's clear that f is continuous near (-2,28) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝑥𝑥
2�𝑦𝑦−3

  and it's continuous near (-2,28) also. 

Then the diff. eq. has a unique solution : 

 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑥𝑥�𝑦𝑦 − 3   → 𝑑𝑑𝑑𝑑
�𝑦𝑦−3

= xdx  

 → 2�𝑦𝑦 − 3 = 𝑥𝑥2

2
+ c                                                  … (43) 

Sub. (-2,28)  in (43), we get  

 2√28 − 3 = 4
2

+ c → 10 = 2 + c → c = 8 ,  

 2�𝑦𝑦 − 3 = 𝑥𝑥2

2
+ 8  → y = �𝑥𝑥

2

4
+ 4�

2
+ 3           … (44) 

Eq. (44) is the unique solution that passes through (-2,28).  
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1.1:Introduction: A differential equation is a mathematical 

equation that relates some function with its derivatives. 

  The derivatives represent their rates of  change, and the 

equation defines a relationship between two variables. 

The differential equations play an important role in many fields 

such as engineering, physics, economics and biology. Now, Let 

𝑥𝑥 be a number in the domain of the function 𝑓𝑓 then we can 

express the first derivative of the function 𝑓𝑓 for 𝑥𝑥 as follows: 

𝐼𝐼𝐼𝐼  𝑦𝑦 = 𝑓𝑓(𝑥𝑥) 𝑡𝑡ℎ𝑒𝑒𝑒𝑒 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑑𝑑𝑑𝑑(𝑥𝑥)
𝑑𝑑𝑑𝑑

 𝑜𝑜𝑜𝑜 𝑦𝑦′ = 𝑓𝑓′(𝑥𝑥)  

Where the symbols 𝑑𝑑(… )
𝑑𝑑𝑑𝑑

  𝑎𝑎𝑎𝑎𝑎𝑎 (… )′ represent the first derivative 

of the function.  

1.2: Definitions 

1.2.1: Differential equation 

A differential equation is an equation involving derivatives or 

differentials. 

For example:- 

1 − �
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�
4

+ 𝑦𝑦 = 𝑥𝑥                                                                                 

2 − 𝑥𝑥2 �
𝑑𝑑2𝑦𝑦
𝑑𝑑𝑥𝑥2

�
3

+ 𝑥𝑥
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ 𝑦𝑦 = 0                                                      
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3 −
𝑑𝑑3𝑦𝑦
𝑑𝑑𝑥𝑥3

− �
𝑑𝑑2𝑦𝑦
𝑑𝑑𝑥𝑥2

�
2

+
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑥𝑥2 + 1                                                   

4 − 𝑦𝑦′′′ + 2(𝑦𝑦′′)2 + 𝑦𝑦′ = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐                                                          

5 −
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+
𝜕𝜕2𝑧𝑧
𝜕𝜕𝑦𝑦2

= 𝑥𝑥2 + 𝑦𝑦                                                                        

6 − 𝑥𝑥
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝑦𝑦
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 3𝑢𝑢                                                                             

1.2.2: Ordinary Differential Equation 

 Ordinary differential equation is a differential equation 

involving only ordinary derivatives (i.e.) It has derivatives of 

one or more dependent variables w.r.t. single independent 

variable. Such as equations 1,2,3 and4 

1.2.3: Partial Differential Equation 

A Partial differential equation is a differential equation 

involving partial derivatives (i.e.) It has derivatives of one or 

more dependent variable w.r.t. more than one independent 

variable. 

For example the equations  5 and 6  are p.d.e  

1.2.4: Order of a Differential Equation 

The order of the highest order derivative in a differential 

equation is called the order of a diff. eq. 
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For example :- 

(i) Equations (1) and (6) are of order one  

(ii) Equations (2) and (5) are of order two 

(iii) Equations (3) and (4) are of order three 

1.2.5: Degree of Differential Equation 

The degree of differential equation that is algebraic in its 

derivatives is the algebraic degree of the highest derivative 

shown in the equation (i.e.) when the equation is free from 

radicals and fractions in the dependent variable and its 

derivatives. 

For example :- 

(i) Equations (3),(4),(5) and (6) are of first degree  

(ii) Equation (2) is of the third degree 

(iii) Equation (1) is of the fourth degree 

Other examples:- Find the order and degree of the following 

differential equations: 

1 − ��
𝑑𝑑2𝑦𝑦
𝑑𝑑𝑥𝑥2

�
23

= �1 + �
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�                                                               

2 − sin(𝑦𝑦′) = 𝑦𝑦′ + 𝑥𝑥 + 3                                                                       

Solution (1): This equation can be written as 
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�
𝑑𝑑2𝑦𝑦
𝑑𝑑𝑥𝑥2

�
2
3�

= �1 +
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�
1
2�

 

��
𝑑𝑑2𝑦𝑦
𝑑𝑑𝑥𝑥2

�
2
3�

�

6

= ��1 +
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�
1
2�

�

6

 

�
𝑑𝑑2𝑦𝑦
𝑑𝑑𝑥𝑥2

�
4

= �1 +
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�
3

 

Therefore, this equation is of second order and fourth degree. 

Solution (2): It hasn't degree since it is not algebraic in its 

derivatives. 

1.2.6: Linear Differential Equation 

The differential of any order shall be linear if the dependent 

variable and all derivatives are of the first degree and are not 

multiplied by each other and its general formula is  

𝑎𝑎0𝑦𝑦(𝑛𝑛) + 𝑎𝑎1𝑦𝑦(𝑛𝑛−1) + ⋯+ 𝑎𝑎𝑛𝑛−1𝑦𝑦′ + 𝑎𝑎𝑛𝑛𝑦𝑦 = 𝑓𝑓(𝑥𝑥)           … (1) 

Where   𝑎𝑎0,𝑎𝑎1, … , 𝑎𝑎𝑛𝑛 𝑎𝑎𝑎𝑎𝑎𝑎 𝑓𝑓(𝑥𝑥) are functions for 𝑥𝑥 on the 

interval   𝑎𝑎 ≤ 𝑥𝑥 ≤ 𝑏𝑏 

An equation that is not linear is said to be nonlinear 

For example:- 

1 − 3𝑦𝑦(3) + 2𝑦𝑦′ = 5 sin 𝑥𝑥                              𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿 
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2 − 𝑥𝑥
𝑑𝑑2𝑦𝑦
𝑑𝑑𝑥𝑥2

− 𝑦𝑦2 = 0                                  𝑛𝑛𝑛𝑛𝑛𝑛 − 𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿 

3 − 𝑦𝑦−1
𝑑𝑑2𝑦𝑦
𝑑𝑑𝑥𝑥2

+ 8𝑦𝑦 = 𝑒𝑒𝑥𝑥                          𝑛𝑛𝑛𝑛𝑛𝑛 − 𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿 

4 − 𝑥𝑥2𝑦𝑦′′ + 2𝑥𝑥𝑦𝑦′ + 𝑦𝑦 = 0                          𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿 

5 − 𝑦𝑦(5) + 𝑦𝑦𝑦𝑦′ + 2𝑥𝑥 = 0                          𝑛𝑛𝑛𝑛𝑛𝑛 − 𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿 

6 − 𝑦𝑦′′ + 5𝑥𝑥𝑦𝑦′ +
1
𝑦𝑦

= √𝑥𝑥 + 1                   𝑛𝑛𝑛𝑛𝑛𝑛 − 𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿 

1.2.7: Homogeneous Linear Differential Equation 

Equation (1) is said to be homogeneous if f(x)=0 

(i.e.)   𝑎𝑎0𝑦𝑦(𝑛𝑛) + 𝑎𝑎1𝑦𝑦(𝑛𝑛−1) + ⋯+ 𝑎𝑎𝑛𝑛−1𝑦𝑦′ + 𝑎𝑎𝑛𝑛𝑦𝑦 = 0           … (2) 

Therefore, the equations (2) and (4) are homogeneous and (1), 

(3), (5) and (6) are non-homogeneous 

Note: If  𝑎𝑎0,𝑎𝑎1, … ,𝑎𝑎𝑛𝑛 in equation (1) are constant then the 

equation is said to be linear differential equation with constant 

coefficients. 

Exercises: 

Find the order, degree, linear and homogeneous of the following 

differential equations: 

  1 − 𝑦𝑦′′ + 3𝑦𝑦′ − 2𝑦𝑦 = 0                        

2 − (𝑦𝑦′′′)3 + (𝑦𝑦′′)2 + 𝑥𝑥𝑥𝑥 = 𝑥𝑥             
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3 − (𝑦𝑦′)4 + 𝑦𝑦2 = 0 

4 − �(𝑦𝑦′′′)23 = �1 + (𝑦𝑦′)2 

  5 −
𝑑𝑑2𝑦𝑦
𝑑𝑑𝑥𝑥2

− 3
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ 4𝑦𝑦 = 𝑒𝑒𝑥𝑥 

 

1.3: Solution of the Differential Equation  

The Solution of the differential equation is a relation between 

the variables of the equation and satisfies the following: 

(i) Its empty of derivatives  

(ii) Satisfies the differential equation  

(iii) Defined on a certain interval 

Example (1): Is 𝑦𝑦(𝑥𝑥) = 𝐴𝐴 sin 2𝑥𝑥 + 𝐵𝐵 cos 2𝑥𝑥 a solution of the 

diff. eq. 𝑦𝑦′′ + 4𝑦𝑦 = 0                                                   … (3) 

Sol.  First, we must derive the function that given twice 

𝑦𝑦 = 𝐴𝐴 sin 2𝑥𝑥 + 𝐵𝐵 cos 2𝑥𝑥                                   … (4) 

𝑦𝑦′ = 2𝐴𝐴 cos 2𝑥𝑥 − 2𝐵𝐵 sin 2𝑥𝑥                             … (5) 

𝑦𝑦′′ = −4𝐴𝐴 sin 2𝑥𝑥 − 4𝐵𝐵 cos 2𝑥𝑥                         … (6) 

Substituting (4), (6) in (3), we get  

−4𝐴𝐴 sin 2𝑥𝑥 − 4𝐵𝐵 cos 2𝑥𝑥 + 4(𝐴𝐴 sin 2𝑥𝑥 + 𝐵𝐵 cos 2𝑥𝑥)   
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= −4𝐴𝐴 sin 2𝑥𝑥 − 4𝐵𝐵 cos 2𝑥𝑥 + 4𝐴𝐴 sin 2𝑥𝑥 + 4𝐵𝐵 cos 2𝑥𝑥      

= 0     

Thus, the given function satisfies the eq. (3) 

∴ 𝑦𝑦(𝑥𝑥) = 𝐴𝐴 sin 2𝑥𝑥 + 𝐵𝐵 cos 2𝑥𝑥 is a solution of (3) 

Example (2): Prove that the function 𝑦𝑦(𝑥𝑥) = 𝑥𝑥 ln 𝑥𝑥 −

𝑥𝑥      … (7) 

is a solution of     𝑥𝑥𝑦𝑦′ = 𝑥𝑥 + 𝑦𝑦                       … (8) 

Sol. Deriving (7) w.r.t. x we get  

𝑦𝑦′(𝑥𝑥) = 𝑥𝑥 1
𝑥𝑥

+ ln 𝑥𝑥 − 1   

 𝑦𝑦′(𝑥𝑥) = ln 𝑥𝑥                                                         … (9) 

Substituting (7),(9) in (8), we get  

 𝑥𝑥 ln 𝑥𝑥 = 𝑥𝑥 + 𝑥𝑥 ln 𝑥𝑥 − 𝑥𝑥 

 𝑥𝑥 ln 𝑥𝑥 = 𝑥𝑥 ln 𝑥𝑥 

Hence, the equation (7) is a solution of the diff. eq. (8). 

1.3.1: General solution of the differential equation 

          The general solution of the differential equation is the 

solution that is free of derivatives and contains a number of 

arbitrary constants and their number is equal to the order of the 

equation . 
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Example (3): Find the general solution of the equation 𝑦𝑦′′′ = 0 

Sol. Integrating both sides three times  

 ∫ 𝑦𝑦′′′ 𝑑𝑑𝑑𝑑 = 0 ∙ 𝑑𝑑𝑑𝑑                                              … (10) 

  𝑦𝑦′′ = 𝑐𝑐1                                                      … (11) 

  𝑦𝑦′ = 𝑐𝑐1𝑥𝑥 + 𝑐𝑐2                                           … (12) 

 𝑦𝑦 = 𝑐𝑐1
2
𝑥𝑥2 + 𝑐𝑐2𝑥𝑥 + 𝑐𝑐3                                … (13) 

Where 𝑐𝑐1, 𝑐𝑐2 𝑎𝑎𝑎𝑎𝑎𝑎 𝑐𝑐3 are arbitrary constants. 

Note that, the number of the constants are equal to the order of 

the equation  

  1.3.2: The Particular Solution                                                    

It’s the solution that results after substituting the values of the 

arbitrary constants in the general solution. 

Example (4): write the particular solution of the equation  

𝑦𝑦′′′ = 0 𝑤𝑤ℎ𝑒𝑒𝑒𝑒 𝑐𝑐1 = 2, 𝑐𝑐2 = 2, 𝑐𝑐3 = 0. 

Sol. : The solution of 𝑦𝑦′′′ = 0  is  𝑦𝑦(𝑥𝑥) = 𝑐𝑐1
2
𝑥𝑥2 + 𝑐𝑐2𝑥𝑥 + 𝑐𝑐3           

( from Ex(3)) 

Sub. 𝑐𝑐1, 𝑐𝑐2 𝑎𝑎𝑎𝑎𝑎𝑎 𝑐𝑐3 in it  

𝑦𝑦(𝑥𝑥) =
2
2
𝑥𝑥2 + 2𝑥𝑥 + 0 

𝑦𝑦(𝑥𝑥) = 𝑥𝑥2 + 2𝑥𝑥 
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Remark: A general solution is a set of solutions that represent 

curves and are not intersected while only one of them passes 

through a given point of existence of these curves and at this 

point one real value is determined for the arbitrary constant. 

Example (5): Find the general solution and the particular 

solution of the equation 𝑦𝑦′ = 𝑥𝑥               … (14) 

That passes through the point (1,2) and sketch the integral 

curves. 

Sol. : Integrating (14) w.r.t. x we get 

 𝑦𝑦 = 𝑥𝑥2

2
+ 𝑐𝑐                                                … (15) 

This is the general solution  

To find the particular solution, substituting the point (1,2) in  

(15) 

   2 = 1
2

+ 𝑐𝑐 → 𝑐𝑐 = 3
2
, then 𝑦𝑦 = 𝑥𝑥2

2
+ 3

2
      … (16) 

And this is the particular solution 
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1.4: Singular Solution of the Differential Equation 

 The singular solution is a solution that appears for some 

differential eq. and doesn't belong to the general solution group. 

Example (6): Find the general solution and the singular solution 

of the equation 2𝑦𝑦′ = 3𝑦𝑦1 3�         ; 𝑥𝑥 ∈ 𝑅𝑅 

Sol. : 2𝑦𝑦′ = 3𝑦𝑦1 3�  → 2 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 3𝑦𝑦3  

 𝑑𝑑𝑑𝑑
𝑦𝑦
1
3�

= 3
2
𝑑𝑑𝑑𝑑                   ; 𝑦𝑦 ≠ 0 

 𝑦𝑦−1 3� 𝑑𝑑𝑑𝑑 = 3
2
𝑑𝑑𝑑𝑑                                          

Integrating both sides . 

 3
2
𝑦𝑦2 3� = 3

2
𝑥𝑥 + 𝑐𝑐 

 �𝑦𝑦23 = 𝑥𝑥 + 𝑐𝑐1           𝑤𝑤ℎ𝑒𝑒𝑒𝑒𝑒𝑒  𝑐𝑐1 = 2𝑐𝑐
3

 

y= (𝑥𝑥 + 𝑐𝑐1)3 2�               ;𝑦𝑦 ≠ 0                        … (17) 

this is the general solution. 

Now. If 𝑦𝑦 = 0  , we note that its satisfying the diff. eq.  

 𝑦𝑦′ = 0 → 2(0) = 3(0) → 0 = 0                   

 ∴ 𝑦𝑦 = 0 

is a solution to the diff. eq. but it's not belong to the general 

solution group, then 𝑦𝑦 = 0 is a singular solution 
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Exercises : 

1- Find the order, degree and linearity of the following 

differential equations. 

𝑎𝑎 − 𝑦𝑦′ + 8𝑥𝑥𝑦𝑦2 = 0 

𝑏𝑏 − (𝑦𝑦′)2 + 𝑥𝑥𝑦𝑦′ = 𝑦𝑦2 

𝑐𝑐 − �𝑦𝑦′′ = 3𝑦𝑦′ + 𝑥𝑥 

𝑑𝑑 − 𝑦𝑦(4) = �𝑦𝑦′ 

𝑒𝑒 − (𝑦𝑦′′)1 3� = 𝑘𝑘(1 + (𝑦𝑦′)2)5 2�  

2-Prove that every equation in the list K is a solution of the 

differential eqs. in the list H , where A,B,C are constants. 

K H 

𝑦𝑦 = 𝑥𝑥2 + 𝑐𝑐𝑐𝑐 

ln𝑦𝑦 = 𝐴𝐴𝑒𝑒𝑥𝑥 + 𝐵𝐵𝑒𝑒−𝑥𝑥 

𝑦𝑦−3 = 𝑥𝑥3(3𝑒𝑒𝑥𝑥 + 𝑐𝑐) ;𝑦𝑦 ≠ 0 

𝑦𝑦 = 𝐴𝐴𝑒𝑒−𝑥𝑥 + 𝐵𝐵𝑒𝑒−2𝑥𝑥 

�𝑦𝑦 = 𝑐𝑐𝑐𝑐 + 3
𝑥𝑥 = 2𝑡𝑡 + 𝑐𝑐  

 

 

 1 − 𝑥𝑥𝑦𝑦′ = 𝑥𝑥2 + 𝑦𝑦  

 2 − 𝑦𝑦𝑦𝑦′′ − (𝑦𝑦′)2 = 𝑦𝑦2 ln 𝑦𝑦 

 3 − 𝑥𝑥𝑦𝑦′ + 𝑦𝑦 + 𝑥𝑥4𝑦𝑦4𝑒𝑒𝑥𝑥 = 0 

 4 − 𝑦𝑦′′ + 3𝑦𝑦′ + 2𝑦𝑦 = 0 

 5 − 2(𝑦𝑦′)2 − 𝑥𝑥𝑦𝑦′ + 𝑦𝑦 = 3   

3-Prove that all of the equations 

(i) 𝑦𝑦 = 2𝑒𝑒𝑥𝑥                    (𝑖𝑖𝑖𝑖)𝑦𝑦 = 3𝑥𝑥 
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 (𝑖𝑖𝑖𝑖𝑖𝑖)𝑦𝑦 = 𝐴𝐴𝑒𝑒𝑥𝑥 + 𝐵𝐵𝐵𝐵            ,𝐴𝐴 𝑎𝑎𝑎𝑎𝑎𝑎 𝐵𝐵 𝑎𝑎𝑎𝑎𝑎𝑎 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐. 

are  solutions of the diff. eq.     𝑦𝑦′′(1 − 𝑥𝑥) + 𝑦𝑦′𝑥𝑥 − 𝑦𝑦 = 0 

4- Find the value of A (if it exist) that makes 𝑦𝑦 = 𝐴𝐴𝑥𝑥3 a solution 

of the diff. eqs.  

𝑎𝑎) 𝑥𝑥2𝑦𝑦′′ + 6𝑥𝑥𝑦𝑦′ + 5𝑦𝑦 = 0    , 𝑏𝑏) 𝑥𝑥2𝑦𝑦′′ + 6𝑥𝑥𝑦𝑦′ + 5𝑦𝑦 = 𝑥𝑥2 

5- What is the values of the constant C that make 𝑦𝑦 = 𝑒𝑒𝐶𝐶𝐶𝐶 a 

solution of the equation 𝑦𝑦′′ + 5𝑦𝑦′ + 6𝑦𝑦 = 0 

6- Find the general solution and the singular solution of the 

equation (𝑦𝑦′)2 = 4𝑦𝑦 

1.5: Composition the Differential Equation from the General 

Solution  

In this subject we will discuss how to find the differential 

equation if we know the general solution. 

The method depends on the relationship of the number of 

arbitrary constants in the General solution group and the order 

of the differential equation, where the equation is derived by a 

number of equal times for a number of constant as shown in the 

following examples. 

Example (7) :Find the diff. eq. that the general solution is      

𝑦𝑦 = 𝑐𝑐1𝑥𝑥 + 𝑐𝑐2𝑥𝑥3,𝑤𝑤ℎ𝑒𝑒𝑒𝑒𝑒𝑒 𝑐𝑐1𝑎𝑎𝑎𝑎𝑎𝑎 𝑐𝑐2 are arbitrary constants.  

Sol. : 𝑦𝑦 = 𝑐𝑐1𝑥𝑥 + 𝑐𝑐2𝑥𝑥3                                                 … (18) 
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Driving (18) twice, to get  

 𝑦𝑦′ = 𝑐𝑐1 + 3𝑐𝑐2𝑥𝑥2                                                          … (19) 

 𝑦𝑦′′ = 6𝑐𝑐2𝑥𝑥 → 𝑐𝑐2 = 𝑦𝑦′′

6𝑥𝑥
                                             … (20) 

Sub. (20)  in (19), we get  

 𝑦𝑦′ = 𝑐𝑐1 + 𝑥𝑥𝑦𝑦′′

2
 → 𝑐𝑐1 = 𝑦𝑦′ − 1

2
𝑥𝑥𝑦𝑦′′                           … (21) 

Sub. (20) and (21) in (18) 

 𝑦𝑦 = �𝑦𝑦′ − 1
2
𝑥𝑥𝑦𝑦′′� 𝑥𝑥 + 𝑦𝑦′′

6𝑥𝑥
𝑥𝑥3 

 = 𝑥𝑥𝑦𝑦′ − 1
2
𝑥𝑥2𝑦𝑦′′ + 1

6
𝑥𝑥2𝑦𝑦′′ 

 = 𝑥𝑥𝑦𝑦′ − 1
3
𝑥𝑥2𝑦𝑦′′                                                  … (22) 

And this is the required differential equation. 

Example (8) : Find the diff. eq. that the general solution is    

𝑦𝑦 = 𝐴𝐴𝑒𝑒𝑥𝑥 − 𝑥𝑥 

Sol. : 𝑦𝑦 = 𝐴𝐴𝑒𝑒𝑥𝑥 − 𝑥𝑥                                              … (23) 

Driving (23) , we get  

𝑦𝑦′ = 𝐴𝐴𝑒𝑒𝑥𝑥 − 1 →  𝐴𝐴𝑒𝑒𝑥𝑥 = 𝑦𝑦′ + 1     … (24) 

Sub. (24) in (23) we get  

 𝑦𝑦 = 𝑦𝑦′ + 1 − 𝑥𝑥   
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