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Foundation of Mathematics

Foundations of mathematics is the study of the basic mathematical
concepts (logic statements 4shidl & Lall numbers, relations, sets,
functions...).

¢ alac ) dadail ¢ dgglaiall el nlul) duzly ) anliall dul o ale g izl i o

Set of Numbers (Subsets of the set of real numbers R)

1. Set of Natural numbers N = {1,2,3, ...}

2. Set of Prime numbers P = {2,3,5,7,11, ...}

3. Set of Integer numbers Z =1 =4{...,—2,-1,0,1,2, ... }
4. Set of Even numbers E = {...,—4,—-2,0,2,4, ...}

5. Set of Odd numbers 0 ={...,-3,—-1,1,3, ...}

6. Set of Rational numbers Q = {7 :a,b € Z,b # 0}

Example: % — § 3,0.5,0.3333 are examples of rational numbers

7. Set of Irrational numbers H = {x: x € Q}
Example: m = 3.1415 ... is irrational number

e = 2.71828 ... isirrational number

V2, /5 are irrational numbers
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CHAPTER ONE

Mathematical Logic and Proof Using
Propositional Calculus

A Al il ) aladialy el gl el g ghaial

PREPOSITIONAL

LOGIC

Chapter One Contents

-

. Propositions (Statements) <! tal)

N

Compound Propositions 4 sl < jlal)

3. Mathematical proof (ab 3l ol sl

D

. Quantifiers < gual)
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Definition1.1: Mathematical Logic <l (i)

Mathematical logic is a subfield of mathematics exploring the applications
of formal logic to mathematics. Mathematical logic is widely used in
theoretical computer science and other sciences.

Ghid) sl )l 8 hid) clieds ey ) Ll Jgiall sl g onl ) 3l
oAl asle s Clalall e (8 sl 5 JSG aadiny ol )l

Propositions or Statements <) )

Definition1.2: A proposition is a declarative sentence which is either ‘true:

T’ or “false: F’, but not both. We use the letters P, 4,7, S,.-€t¢ to denote a

proposition.

Walia 3Ll (585 ) Sl e (s RS ) ABalia ()5S 8 il 5 4l ey 4 3Ll
(8 gl iy 4008

Examplel.3: Which of the following sentences are called propositions
(statements), and which ones are not propositions.

1) p: V4 = 2 is a true proposition
2) q: Y3_, (x + 2) =13 s a false proposition
Because Y3_; (x +2) = (1+2) + (2+2) + (3+2) =3+4+5=12 # 13.
3) r: Baghdad isn’t in Iraq is a false statement
4) s: What time is it? is not a proposition
A a8 Ales ol s Lalgdin dlea LY
5) w: Study hard is not a proposition
Because it is not a declaration sentence 4 s dlea Cul
6) v:x +y = 0isnota proposition
LIS Y 5 ddabia cunnd dlaadl Y
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Examplel.4: (H. W) Which of the following sentences is called a
proposition (statement), and which one is not a proposition.

ke JiY \.g_\\} 5 ke Jia sl Jeall e Lﬁ\

) p:x+1=3
i) qx+y =z
i) 7 % IS an even number (5 3x)

The area of logic that deals with propositions is called propositional logic
or propositional calculus. It was first developed by the Greek philosopher
Aristotle sk jimore than 2300 years ago.

Aristotle (384-322 B()

Definition1.5: Negation of a proposition 5_tsd) i

Let p be a proposition. The negation of p is called ‘“‘not p’” and is
denoted by (~p ).

el s p okl i el p oud 5 ot p7 3oLl & 3 ke p7 oSE
~p el

Examplel.6: Re-write the following expressions without using the
negation

~(3<5)
~(x>y)
~(x >5)
~(2 =10)
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Examplel.7: Find the truth value of each of the following statements. Find
(~p) negations for the statements g and r.

AU el e JS 5 (B 3a
1. P : Today is Saturday (F) , ~p : Today is not Saturday
2. 4:2+2=4 (T)

~q:2+2+#4
3. r: The square has four sides (H. W)

Remark1.8: If a proposition p is true, then ~p is false; and if p is false,
then ~p is true.

Lesiis p 5kl Gaa Jgan ol

The truth table of the
negation of a
proposition p

p ~p
-
F T

Double Negation Law: If p is a proposition, then ~~p = p.

p|~p| ~~P
T [F [T
F|T |F
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Compound propositions

Propositions are divided into two types:

1. Primitive proposition 4w sl 4% 3 e : A proposition is said to be
primitive, if it cannot be divided into simpler propositions.

el @ jle ) Lelilas Sy ol 13) Aoy ans 3 laal

2. Composite proposition 4 ks A proposition is called composite,
If it is compound of more than one primitive proposition using logical
connective operators.

shsanlydayy sl Leda 5 ST 1 s G e (e 0 5S8 ClS 1Y DS ja i 3l

S
and A ot S el B jlall oS8 Al oy )l &l g0
or Vv

if then=

if and only if &

Examplel.9: Propositions (1)-(3) in Example (1.3) are primitive.

Examplel.10: The following propositions are composite:

1. “2+3=5and6-4=1"
and b 314k A g2 e Aass (4 e o 458 A8 508 e
2. ““Aliis clever or he studies every day”’

or Ll 1ol dda g3 ye ddaresy (455 Jle e 4 S AS ya sl

s e Aaiat A€ yall 3 jlall Saa dad jAdiadla

Led 4 €l gl ) jlaall (3m a8 )
aseal) &l bl Jay 5l Aaadiiadl Jay I <l ool Y
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Basic Logical connective Operators dswbul! dilaiall Jay )i <) gal

There are some basic logical operators that connect simple propositions to
produce composite proposition. These operators are:

1. Conjunction operator (s) J«g¥ 813--English word (and), symbol (A).

Let p and g are two primitive propositions. The conjunction of p and q is
denoted by ““p A q’” and read as “‘p and q”’.

If both p and q are true, then p A q is true, otherwise p A q is false.

LS yall 3 laadl oSl () Jal Bl laghay ) Sy @ 5 p Otk Gl
@) il ) Ak o Sip A g QB Ala g s p e IS QS p AQY
AN Sp A g b AAS JBY) e o sl

Below is the truth table for the conjunction of two propositions:

Conjunction

P q [(Par(q
T T T
Tl F| F
F i F

F|1 F|F

Examplel.11: Find the truth value of the following statements:

A ) ladl (o 4
1. 24+2=4and2+3=5
™A T =T

2. Z=1suchthat x # 0 A Baghdad is not in Irag

T A F=F
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3. -5is a prime number A m is a rational number
FA F=F
Examplel.12: Let p: x+y=y+x suchthatx,y €N

q: 2 > 10
r: There are three seasons in lIraq
Find the truth value of:
) (@qA~1)AT,
i) (@ A ~~q) A(~p AT)
Solution of (i): ~r: The seasons in Iraq are not three.

@A ~r)ANr=(FAT)ANF=FANF=F

Examplel.13: Let p and g are two propositions such that

p: Fouad is poor (T)
q: Fouad is clever (T)
Find the conjunction of p and q. Discuss the truth values of ““p and q”’.
Cpand @ sokall ya nd 8L g 5 p O deasll B ke 3

Solution: The conjunction ““p and q’’ is

““Fouad is poor and Fouad is clever”’
The compound proposition “‘p and g’ is true if

““Fouad is poor and Fouad is clever”’
The compound proposition (p A q) is false if:
““Fouad is rich A Fouad is clever”

““Fouad is poor A Fouad is not clever’’

““Fouad 1s not rich A Fouad is not clever’’
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Properties of the conjunction operators: (A) Jasll 3131 yal sa

Let p, g and r are three propositions. Using the truth table, show that:

1. p A g = q A p (commutative JluY) ixals)

N

.(pANg) AT =p A (q A1) (associative geadll iuald) (HW.)
3. p Ap = p (Idempotent lawcs sl (s sbus ¢y 538
4. p AT =p (ldentity law)

5. p A F=F (Domination Law)

6. p AN ~p=F
Solution:
lpANqg=qAD 3. pAp=p 4pNANF=F
p | q|pPAq|qAD p | plpADp p | F|pAF
T |F |F F T |F |F
T |T |T T L F |F
F T |F F F
F F |F F

2. Disjunction operator (s) J«il 3131--English word (or), symbol (V).

Let p and g be two propositions. The disjunction of p and q is denoted by
“p V q’ andread ““‘porgq’.

We say that “‘p V q’’ is true when p is true or q is true or both are true. If
both p and q are false, then p v q is false.

gyl “p v g7 S el Bkl S5 A il g 5 p e JS S 1)
3 lall (sSiy AAS 3 e q s skl e IS CulS 1Y LA (V) Jusadll Bl
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i) e i) 04 bl (saa) il 13 gT) @l lae e dBaba p vV g7
(Bala

Disjunction
P q Pvdq
i QT
T F|T
F T E
F | IE|*

The truth table for the disjunction of two propositions

Examplel.14: (H. W) Let p, q and r are three propositions such that

p: dogs can fly
g:x—x=0,x €R
rm—3 €EN
Find the truth value of the following statements:
a(pVvq Vvr
b) ~q v r
c)~(~p Vv q)
d@®AqpV(Vr)

Solution of (¢):

~(~PV Q)= ~(T VT)= ~T=F

Examplel.15: Let p and g are two primitive propositions such that

13 e ben G — i e s
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p: Today is Friday (T)
q: It is raining today (T)

What is the disjunction of the propositions p and g? Discuss the truth value
Of ch V q,’.

Solution: The disjunction “‘p V q’’ is
““Today is Friday or it is raining today’’

“p V q’’ means that today is either Friday or raining or both.

The compound proposition (p V q) is false if:

““Today is not Friday or it is not raining today’’

The compound proposition (p V q) is true if:
““Today is Friday or it is raining today’’
““Today 1s not Friday or it is raining today’’

““Today is Friday or it is not raining today’’

Properties of the disjunction operator: (V) Jwadll 313 yal 53

Let p, g and r are three propositions. Using the truth table, show that:
1. p Vg =q V p(d¥Wiaai) (H W)
2.(p V@ Vr=pV(Vr) (g=dialy)
3. pVp =p(ch g ysid) (H W)
4., p v T =T (Domination Law) (H. W)
5 pVv F=p (ldentity Law) (H. W)
6. pV ~p=T (H W)

14 e lans Cau— &l Je o
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Solution2: (p Vq) Vr =p Vv (q V r)

p lq|r|pVvglgqvr| @vyvVvr | pv(qgVr)

- 4 4 m m m m _
M 4 m 1 4 4 T -
-4 MM m 4 T <4 T -
4 4 4 mm 4 4 T 4
4 4 m 4 4 4 T 4
] 4 4 4 4 4 T 4
] 4 4 4 4 4 T 4

3. Conditional operator &l 81ai: English word (if...then), Arabic word
(0@ s 1), symbol (=).

Let p and g be two propositions. The conditional statement “‘p — q’’ is the
proposition ‘‘if p then q’’. The conditional statement ‘‘p — q’’ is false
when p is true and q is false, otherwise “‘p — q’’ is true.

(if...then):\-}sﬂ\ﬁjgd\ Q\E&MSchq Jp&odSQ}LS 13)

(=) bl e
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sAlas e p 0sS Leaie Ladd saal s s 3 L3S (if p then q) 3okl 5SS
b lae Lagd A3ala (if p then q) skl OS5 4383 )le g

DL ALE e o5S5Cif p then g7 obed) (b Aibla s e p il 13 ANk
Akl 6 ol o L Jul

The following is the truth table:

p qa | p-gq
T T T
T F F
F T T
F F T

Remark1.16: In the conditional statement “‘p — q’’, p is called the
hypothesis s and q is called the conclusion 4ais |

Remark1.17: The conditional statement can be expressed in the following
equivalent ways:

a) “‘pimplies q”

b) “qifp”,

c) “qonlyifp”,

d) <p is sufficient condition for q”’,
e) ‘‘q is a necessary condition for p**.

Examplel.18: Find the truth value of the following statements:

1. Iffishfly,then3+2 =5

F ->T=T
2. Iffishwalk,then3 +2 =6
F>F=T

16 e ben G — i e s
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Examplel.19: Let p, g, and r are three propositions such that

p: 3 is an odd number
qg:x+y=y+x, x,y €ER
r: Winter is hot
Find the truth value of the following statements:
) > q@ Vv -q9 HW)
2) if(p A g)then(q v ~1)
3) p ATr)V(g—-p)(HW)

Solution2:

if(p A q)then(q vV ~1)
if (T AT)then(T vV T)
if TthenT =T

Examplel.20: Find the truth value of the following statements:

1. The statement: ‘“If X is negative then — 5x is positive”’
T->T=T

2. The statement: “If 9 > 5 then dogs don’t fly”
T->T=T
3. The statement: “‘If (x > 0 and x? <0) then x >10”
If (T and F) then F(or T)
IfFthen F(orT) =T
4. The statement: ““If x > 0then (x> < 0or2x < 0)”
ToForF)=T -F=F

Definition 1.21: Let p and g are two propositions, then

17 e ben G — i e s
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1. The proposition ‘‘q — p’’ is called the converse of “‘p — q’’.
The proposition ““~p — ~q’’ is called the inverse of “‘p — q”’.

Examplel.22: What is the converse and the inverse of the conditional
statement:

“iffx > 5x € Nthenx > 37?
What is the truth value of the statement and its inverse and converse?
Solution: The statement  “‘if x > 5thenx > 37

The truthvalue: T>T=T

The converseis “‘if x > 3thenx > 57
The truth value: for x = {4,5}; T>F=F

Forx ={6,7,....}, h T->T=T
Theinverseis ifx < 5thenx < 3”
The truth value: for x = {1,23}; T->T=T

Forx ={4,5}, ) T->F=F

Properties of the conditional operator: (—) Jdll 314 gal sa

Let p,q and r are three propositions. Using the truth table show that (H.
W)

L. p=>q##q-0p
2. p > @Q—-r #p > (q>r)
3. Find the truthvalueof:p - T, p > F, p>~p, p = p

18 e ben G — i e s
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4. Bi-conditional operator g.s:3al k&l 81a): English word (if and only if),
Arabic word (13 ki 5 13), symbol (<)

Let p and g be propositions. The bi-conditional statement ““p < q’’ is the
proposition ‘‘p if and only if g’’. The bi-conditional statement is true when
p and q have the same true value and is false otherwise.

Ll e Alls eq 1) Lasd 1) 7 &S pall 3kl (585 Adavn 3 e g s p e IS oA
S e Lad 23S 5 (48 jlaall (Bam ad 4l Alla 4 480La (o) el

T T T
T F F
F T F
F F T

The truth table for the bi-conditional of two propositions

Remark1.23: There are some other ways to express “‘p < q’’:

‘cp iff q)’
“if p then q , and if g then p*’
““p is necessary and sufficient for g”’.

Examplel.?24: Find the truth value of ““x > 0 < 2x > 0

Solution: The statement is true because
If x>0 then2x >0andif 2x > 0thenx > 0

Examplel.25: Find the truth value of ““x > 0 < x2 >0 (H. W.)

19 e ben G — i e s
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Examplel.26: Let p: you can take the flight (True)

q: you can buy a ticket  (True)
Then the bi-conditional statementp < q is
“‘you can take the flight if and only if you can buy a ticket’’

Discuss the truth values of the bi-conditional statement.

Solution: The statementp < g is true
““ you buy a ticket < can take the flight”
or
“‘you do not buy a ticket < cannot take the flight”’.
The statement p < ¢ is false when p and g have opposite truth values.
“‘you do not buy a ticket < you can take the flight”’
or

“‘you buy a ticket & cannot take the flight™’.

Properties of the biconditional operator sl kbl 3131 Lal sa

Let p,q and r are three propositions. Using the truth table show that: (H.
W)

lLpeo g=qep
2. pegper=pe(@ger)
3. Find thetruthvalueof:p & T,p o F,p o ~p,p © p.

Exercisel.27:

1. Find the truth value of the following statements:

20 Joe dlew Cow — =l Jide o
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[(if24+3 =4thenx +4 =4+ x) and 8 is an even number] iff (2 < —10
or2 = —10).

Solution: [(F>T) A T|o(FVT)=[TAT]|oT=Te T=T
2. Let p: horse can swim

q: Conjunction operator is useful

r:\/ﬁ =\/§+\/§ forx,ye N
Find the truth value of the following statements:

l.por
2.(p—-r) A q
3.[(p—->r)V(qg - ~p)]

3. Write the truth table of the following statements:

)~pAq

i) (pAg)-p@Va)

i) (p > q) v~ (q < p)

4. Write the following statements using the connections operators —, <,A,V

1) If p and g integer numbersand g # 0 thens Is a rational number

i) If x2is integer number then x is even or odd number

l)xy >0ifandonlyif (x >0andy > 0)or(x < 0andy < 0)

Definition1.28: A compound proposition that is always true is called a
tautology or lemma or theorem.

dmhd:uaﬂji :\e.uh-ﬁlg-ﬁb Laila d8alia (o oSS 6,3\ Sl 5 5lall iy

A compound proposition that is always false is called a contradiction.

B iy Ll 2l (5 5 Ayl 5 jlall J
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Examplel.29: Show that (p vV ~p) is tautology and (p A ~p) is
contradiction.

Solution:

p|~p| pV~p |[pPAN~DP

tautology | contradiction

Examplel.30: (H. W) which of the following compound statements is
theorem (tautology) and which one is contradiction

pAF, pVvT, p © ~D, [(p = q) Ap] A~ q

Definition1.31: Logical Equivalence (skiall silsil)

Two statements (propositions) that have same truth values are called

logically equivalent. The notation P =4 or P =4 denotes that p and q are
logically equivalent.

Saidl alsall jacall e puit SIS 1Y) Lilaie A58\S5e 1y e o oS3
. S Ja 9 Buall dad i S 1Y) Lilaie 438IS88 (558 jle

= 4 = a1l

3 B

Examplel.32: show that ~(p V q) = ~p A ~q (logically equivalent).

Hint: make truth table

Solution: The truth table for ~(p V q@) and ~p A ~q is

pVvaqg| ~Vae ~D ~q ~p A ~q

T | T | T F F F F

22 Joe dlew Cow — =l Jide o
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T [ F [ T F F T F
F | T | T F T F F
F | F F T T T T

~ Definition1.33: Let p, q and r three propositions, then define the following
logical equivalence:

L.pAqg=~(~pV~q)
2.p—>q=~pV ¢q

3 peoqgq=@ >N (q—-p)
Ladsy O Cang g 1as g oDle | iy jacil) ddaadla

De Morgan’s Theorem: Let p and g are two propositions. Then

L~ A= ~pV~q (HW)

2.~pVvaq) = ~p A ~q
s
3
\

=~ (pVq) [double negation law: ~~p = p]

Proof (2): Take the right-hand side (R. H. S)

~p A ~q= ~(~~pV ~~q) [definition of A ]

= Left hand side (L. H. S).

Exercisel.34: Simplify the following statements:

1.~(pV~q)

23 Joe dlew Cow — =l Jide o
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2. ~(~p—q)

3. ~(~p < q)

Solution (1): ~(p V~q) = ~p A ~~q [ De Morgan’s law]

=~pAq [~~q = q]

Solution (2): ~(~p » q) = ~(~~pVq)
= ~@Vva [~~p=p]

= ~p A ~q [De Morgan’s law]

Laws of Logical Equivalence (liall sl ¢yl 68

Let p, g and r are propositions. The following are some of the common
logical equivalence rules:

1. Commutative Law JaY osé: p A g =q A p
pvq=qVp
peq=qep
2. Associative Law @il 058 (p A @) AT= p A (@ AT)
Vvag)vr=pvVvi(@Q VvVr)
peqeor=peo(qgern)
3. Distributive Law (from left) _bwdl (e a5l & 5308
pA(@Vvr)=@A V(A T)

pAN(@AT)=(@A @) A(AT)

24 e ben G — i e s




Foundation of Mathematics el e

pvVv@ATr)y=VgAN@pVr)
pv@Vv ry=pvgVv (pVr)
pvV@-or)=@Vvqg-o@Vr)

pV@er)=@Vvgeoep@EVvr)

4. Distributive Law (from right) cped) (e a5l ¢ 56
(@vr) Ap=(@A p)V(r A p)
(@Ar)Ap=(q A p)A[T A D)
(@A 7r)vp=@V p)A( V p)
(@qv nvp=(@V p)v({V p)
(- nrVvp=(@V p)—> TV p)
(@er)vp=(@V p)e (rV p)

5. ldempotent Law sl s o8 p A p=p; pV p=p

6. ldentityLaw:p A T=p;pV F=1p
7. DominationLaw: p A F=F,pVv T=T

Exercisel.35: Simplify the following statements using laws of logical
equivalence:

sibhaiall el il 8 alaciuly 200N ol jlall dass
1lL.(pvg)A~p

2. v V(~pAq)

Exercisel.36: Prove (without using the truth table) that

25 e ben G — i e s
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Gxall Jglan aladiul ¢ sn 4 g

~(@PV (~p A q) =~p AN ~q

Solution: Takethe L. H. S
~M@PV (~p AN q@) = ~p AN ~(~p A q) [ De Morgan’s law]
= ~p A (~~pV ~q) [ De Morgan’s law]
= ~p A (pV ~q) [bydouble negation law]
= (~p AN p)V(~p A ~q) [by distributive law]
=FVv(>p A~q) [~p A p =F]
= (~p A ~q) VF [by commutative law]
= ~p A ~qRH.S

Theorem1.37: (Properties of =)

Let p, g and r are three propositions. Prove the following properties without
using truth tables:

l.p-> p=T
2.~pop =7p
3p>T =T
4.T->p =p
S5.p>F = ~p
6.F->p =T

l.p=>q=~q—>~p
8p->q={@PA~q)-o~p

26 Joe dlew Cow — =l Jide o




Foundation of Mathematics el e

9p—=q=@PA~q)=> (rA ~r)
10.~p—=q9)=p A ~q

Proof 1: Toprovep - p =T
p—>p = ~pV p [def of -]
=T
Proof4: ToproveT - p =p
T - p = ~TVp [def. of -]
=FVvp [~T =F]
=D
Proof 7: Toprovep - q = ~q = ~p
p—q = ~pVq [def of =]
=qV ~p [vis commutative]
= ~q—>~p
Proof8: Toprovep - g = (p A ~q) = ~p
TaketheR.H.S:(p A ~q) = ~p
= ~(p A ~q) V ~p [def. of -]
= (~pV ~~q)V ~p [ De Morgan]

=(~pVq@V~p [~~q = q]

= ~pV(qV ~p) [V is associative]
= ~pV(~pVQq) [V is comm.]

= (~pV~p)Vgq [V is asso.]
=~pVq [pVp=rp]

27 D00 alem G — lld Je
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= p-gq [def.of »]=L.H.S

Theorem1.38: (Properties of <)

Let p and g are two propositions. Prove the following properties without
using truth tables:

Lpop=T poT=p polF=~p
2.pe ~p=F
3.peqg=qep
4peq=~peo~q
5. ~peo q=pe~q
6.~peq=~pegq
l.~peq=pe~q
Proof 1: Toprovep &« T = p
peoT=(@->T) AN (T-p) [def. of &]
= (~pVT) AN (~T Vp) [def. of -]
= (~pVT) A (FVp) [~T=F]
=TAp [~pVT =T]
=P
Proof6: ~(p < q)= ~p <q
TakeL.H.S:~(peoq)= ~[(p—= q) N (q = p)] [def. of ]
= ~( - @)V ~(q~ p) [DeMorgan]
= ~(~pV @V~ (~qV p) [def of ]

28 Joe dlew Cow — =l Jide o
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= (@ A~q)V (g A ~p) [ De Morgan]
=[(AN~qQV q] AN [(p AN~q)V ~p)] [distributive (Von A)]
=[eva) A (~qv@] A [(pV~p) A (~qV~p)] [dist. (vonA)]
= [eva) AT] A [T A (~qV~p)]
= @Vva A (~qV~p)
= (~r=>q AN (@ ~p) [def.of o] = ~p & q [def. of <]

Mathematical Proof (abll ¢

A mathematical proof is a valid argument that establishes the truth of a
mathematical statement.

i i aa I8 o Ll s 3 A L) 8 ol 1 (ol

Methods of Proving Mathematical Statements (or Theorems)

1. Direct Proof of a conditional statementp — g

Direct proofs lead from the hypothesis of a theorem to the conclusion.

Definition1.39: The integer number x is called even if there exist k € Z
such that x = 2k.

Definition1.40: The integer number x is called odd if there exist k € Z such
that x = 2k + 1.

Theorem1.41: If x is an odd natural number (x € O) then x2 is odd

Proof: Assume that x is an odd natural number. We must prove x? is odd
Since x is odd, then x = 2k + 1 for some k € N.
x?’=x.x=QRk+1)QRk+1)=4k? + 4k + 1

= 2(2k* + 2k) + 1

Lets = 2k?® + 2k € N, then x?=2s + 1
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Hence, x?2 is an odd number.

Theorem1.42: (H. W.) If x is an even natural number (x € E) then x? is
even.

Theorem1.43: The sum of two even natural numbers is even

The theorem can be written as follows: If x,y € E* thenx +y € E*
where E* = set of positive even numbers.

Proof: Let p: x and y are even positive numbers,

q: x + y is an even positive number
Letx = 2randy = 2s(r,s € N). Thenx + y =2r+2s=2(r + s)
suchthatr + s e N

x + y = 2k where k =r + s. Therefore x + y is a positive even number.

Theorem1.44: (H. W.)

1) IfxeEandy e Othenx+y€O0
i) IfxeFEandy € Othenxy € E
iii) Ifx,y eEthenx+y€E

2. Direct Proof of a biconditional statementp < g

To prove a proposition in the formp < g, we prove its equivalence. i.e.,
peq=@—>q A(Q~-p)

Theorem1.45: x is odd number < x + 1 is an even number

Proof: Let p: x is odd number
q: x + 1 is an even number

P2 qiq — P obors ol e edlel Cay il (1
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1.Provep - q: Letx€O0,x=2k+1;keZ
x+1=2k+2=2k+1); (k+1)ez
x+1=2r ;r=k+1€Z
x+1€E
2.Proveq — p: Letx+ 1€ E Toprovex € 0
x+1=2k ;keZ
x=2k—-1,keZ.... (1)

SincekeZ thenr=k—1€Z

Substitute (2) in (1), x =2(r+1)—-1=2r+1;, reZ
x=2r+1€0

Theorem1.46: x is even < x2 is even

Proof: Let p: x is even number
q: x? is even number
P > qsq > POkt Ol ey edel ciy il (e
1.Provep - q: Letx€E,x=2k;k€eZ
Prove x? € E (Theorem (1.42) ol ! 4li)
2.Proveq — p: Letx* €e E Toprovex € E

Take x2 + x = x(x + 1) € E [from Theorem 1.44(ii)]

= x = x(x+ 1) —x% € E [Theorem 1.44(iii)]
= x€EFE

Theorem1.47: (H. W.) x is odd number if and only if x? is odd number.
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2. Proof by Contradiction
oAl e 2Bl Jo Juaad ol AL cigthaall Guse (i il o sa (BLEL ¢l sl

Theorem1.48: Prove that: If x> € O thenx € 0

Proof: Assume that x> € 0. To prove x € 0
By contradiction, assume that x € E
x=2k;k€eZ
x? =4k? €E

x? € 0 sl 24y a il ae il

~x €0.

Theorem1.49: If x? is even then x is even

Proof: Assume that x* € E. To prove x € E
By contradiction, assume that x € O
x=2k+1;ke’Z
x? =4k? + 4k +1€ 0 s g (il
= x? € E. Hence, x € E.

Theorem1.50: Prove that: If n = ab where a and b are positive integers,
thena <vnvb < Vn.

Proof: Let p: n = ab where a and b are positive integer hypothesis
q: a <+vnVv b < +/nconclusion

The first step is to assume that the conclusion is false as follows:

32 Joe dlew Cow — =l Jide o




Foundation of Mathematics el e

Assume that a < vn v b < +/n is false (F). Hence, ~(a <vVn Vv b <+n)is
true (T).

~(a <vVnVvb <+n)=~(a <+/n) and ~(b < vn) [De Morgan’s law]
=a>+nandb >+/n

Multiply the two inequalities together, ab > n (=_dll (=8l Aaa) yiall oda

This shows that ab # n contradiction with the hypothesis

Thus, a <+VnVv b < vnistrue.

Definition1.51: Variable _siall

An alphabetic letter x, y,z, ... which represents a number that is either
arbitrary or unknown.

Examplel.52: ““4x — 7 = 5: x is a variable

<%z =3":zisavariable

Definition1.53: Open Sentence 4a gidall dlaal)

A sentence is called open sentence (or propositional function), if it contains

one or more variables. Open sentence is denoted by P(¥), 4(%), 9(X) _ etc.

Examplel.54: The following are open sentences:

p(x): x is an odd number
q(x,y):x+y=>5suchthatx,y € N
r(z): ¥z = 3suchthatz € R

s(y): computer y is working properly

Examplel.55: Let the open sentence ™ p(x): x > 3".

What are the truth value of p(5) and p(—1)? Which values x € N that
make p(x) true?

Solution: p(5): 5 > 3 is atrue proposition
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p(—=1): —1 > 3isa false proposition
p(x) is a true statement for x € {4,5,6, ... }.

Examplel.56: Let the propositional function q(x,y): x = y + 3. What are
the truth values of ¢(1,2) and g(3,0)?

Solution: q(1,2): 1 = 2 + 3. This means 1 = 5 which is false. Thus,
q(1,2) is false statement

q(3,0):3 =0+ 3 = 3. Hence q(3,0) is true proposition

Examplel.57: (H. W) Let the open sentence “r(x,y,z):x +y = z".

What are the truth values of r(1,2,3) and r(0,0,1)?

Definition1.58: Solution Set (Truth set)

Let p(x) be an open sentence and let A be a set. The solution set denoted by
T, is the set of all elements x of A for which p(x) is true. In other words

T, ={x € A : p(x) is true}

5oke p(x) sl suil) Jand ) jealiell de gana (& :3uall Ao sane 5l Jall de gane
A8la

Examplel.59: Find the solution set for each of the following open
sentences:

1) Letp(x)be “x+2>7"and A = N.Then
T,={x€EN:x+2>7}={x €EN:x >5}=1{67,..}
0 o S dmhal) dlac Y Al
2) Letq(x)be ““x+5<3”and A= N.Then
T,={x€EN:x+5<3}={xEN:x<-2}= 0

~20e JBY) Adall DoY) Al
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3) Letp(x)be “x+5>1"and A = N.Then
T,={x€EN:x+5>1}={x EN:x>—-4} =N
-4 (e 5SY) Al dlac Y1 Al

Examplel.60: (H. W.) Find the following solution sets. Also determine
p(x) and A for each solution set

1) Tp ={x EN: —2<x<2}={1}
p(x): —2<x<2 A=N
2) Tp={x€Z: —2<x<2} (HW)

) Tpr={x€Z: —1<x<1} (HW)

Examplel.61: Assume we have the following statement:

“x > 2andx < 5”7

Which values of x € N that make the statement true? Which values of x that
make the statement false? Discuss all the possible cases.

Sl Ledead Al ail) ale s Sagnia ool 5 )bl Jrad Al X a8 AL

Solution: For A = {3,4}, we have “x > 2andx < 5 istrue
because the values in A are greater than 2 and less than 5.

ForA°=N-A={125,6,7,8,...},then “x>2and x <5 is false

Examplel.62: Assume we have the following statement:

“x < =3o0rx = 67
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Which values of x € N that make the statement true? Which values of x that
make the statement false?

ForA={x € N:x =6,7,.....}, the statement above is true
The statement is false for A =N — A = {1,2,...,5}

Quantifiers < gall

Quantifiers are open sentences written in a special way.
Aigno 4y ylay &y 51 A sike Jan (A ) suadll
There are two types of quantifiers:
1. Universal quantifiers LS 5 gaall 5 Lall
2. Existential quantifiers Lij 5 gaal) 3 jlall

Universal quantifiers:

Let p(x) be an open sentence on a set A. The notation
“Vx€eAplx)”

Denote the universal quantification (1S x s of p(x) and it reads as: ““for
all x, p(x)”’ or ““for every x, p(x)’’ or “‘for each x, p(x)”’.

The symbol V is called universal quantifier LS 1 s,
The set A is called domain Jal)
Examplel.63: Vx € N,x >0

All seasons in Irag have rain

Remark1.64: 1. The universal quantifier p(x) on a domain A is true if and
only if T, = A.
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2. universal quantifier p(x) on a domain A is false if and only if there
exist x € A such that p(x) is false.

Examplel.65: Find the truth value of the following open sentences:
lL.vxeR x+1>x
LetA=Randp(x):x+1>x
Because p(x) is true for all x € R, the solution set T, = R
= the quantification V x € R, x + 1 > x is true.
2.VXEN,x<?2
LetA=Nandp(x):x <2
p(x) is not true for all x € N. Take x = 3,p(3) is false.
=T, #N
3. VxeN,(x>0andx =0)
The statement is false, there exists x = 4 € N such that4 > 0 and 4 # 0.
4. Vx € Z, x| >0(H. W)

5. Forallx € {1,—1}, x> —1=0 (H.W.)

Existential quantifiers:

Let p(x) be an open sentence on a set A. The notation
“Gx e A, p(x)”

Denote the existential quantification > xs=s of p(x) and it read as:
“‘there exists x, p(x)’’ or ‘‘there is x, p(x)’’ or “‘some x,p(x)’’.

The symbol 3 is called existential quantifier & 1w,
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The set A is called domain Jal)
Examplel.66:3x € N,x <0
There exist seasons in Irag do not have rain

Remarkl.67:

The existential quantifier p(x) on a domain A is true if and only if T,, # @.
() 3l Bing anly yeaic JBYI o aa g 13) Bsbia 585 L 5 5 ) gaaall 3_jlal
The existential quantifier p(x) on a domain A is false if and only if T, = @.

sl Giny A desand) (B paie dlis o Al 1Y BAS 568 Uia B gl 3 sl
p(x)

Examplel.68: Find the truth value of the following open sentences:
1.AxER,x%?=x

A=R and p(x): x2 = x

T, = {0,1}

= the existential quantifier 3x € R, x? = x is true

2.9dx €N, 3x+5=1

= 3Ix €N, 3x+5 = 1isfalse
3.3x€Z [(x+1)>=0andx*>—1=0]
(x+1)32=0 =>x=-1

And x?-1=0 = x=-1,1
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T,={-1}cZ

Ix€Z, [(x+1)?>=0andx*>—-1=0] istrue

De Morgan’s law for the existential quantifier

~[Ax €A ~px)]=Vx €A px)
&ﬁtjgﬁ\ﬁyﬂ\wﬁwds)ygaoﬁﬁ

Examplel.69:

l.~[A3x€Ex+2¢E]=Vx€EE,x+2€E

2. Vx € N, V3x =/3Vx = ~[3x € N,3x # V3,/x]

Theorem1.70: Let p(x) be an open sentence and A is the domain. Then

1. ~[Vx €A p(x)]=3x €A ~p(x)

2. ~[Vx €A, ~p(x)]=3x €A, p(x) (H.W.))

3.~[Ix €A, p(x)][=Vx €A ~p(x) (H W)

Proofl: ~[vx € A, p(x)]=~[~ [T x € A4, ~p(x)]] {from De Morgan}
=~~[3x €A ~p(x)]
=3x€A~p) [~~p=p]

Definition1.71: Nested Quantifiers Halxiall &) gl

Two quantifiers are nested if one is within the area of the other.
e e S ga g o s Gl Gl da sitall Aleall B aal s psie (e ST 35 Alls
(YIS g ARaiall il susal) o ppanill (5 Akl Sllia

Let p(x, y) be an open sentence defined on the domain sets A and B. Then,
the quantifiers can be expressed as follows:
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|

. VX €A, Vy € B, p(x,y)
2.Vy €EB,Vx € A,p(x,y)

3.3x € A, Ay € B, p(x,y)
4.3y € B, Ix € 4, p(x,y)
5. Vx € A, 3y € B, p(x,y)
6.3y €B,Vx €A p(x,y)
7.3x€AVy€EB, p(x,y)
8.VyeB,Ax€eA p(x,y)

Remarkl.72: In the above definition, the quantifiers (1) and (2) are
logically equivalent. i.e.,

Vx € A, Vy € B, p(x,y) = Vy €B, Vx € A, p(x,y)
Similarly, the quantifiers (3) and (4) are logically equivalent. i.e.,

Jx € 4, dy € B, p(x,y) = 3y € B, Jx € 4, p(x,y)

Examplel.73:

1Vvx€R, VyeN,x2+y*> >0 (True) = Vy €N, VxR, x> +y? >
0 (True)

2. 3x€N,3yeN, x + 2y<0 (F)=3yeN,3xeN, x+ 2y <0

(F)

Remark1.74: In the above definition, the quantifiers (5) and (6) are not
logically equivalent. i.e.,

Vx € A, 3y € B, p(x,y) # 3y € B, Vx €A, pxy)
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Similarly, the quantifiers (7) and (8) are not logically equivalent. i.e.,
dx € A, Vy € B, p(x,y) # Vy € B, dx € A, p(x,y)

Examplel.75:

dx €R, Vy €N, x+y =0 (False)

ae JS jiia gl y 5 x aen duala O Cuma x Ais 230 aa g adly St eDlel 5 ) sudll

Y b
VyEN, IxeER, x+y=0 (True)
X+y =0 Cusyx s e gy b ae JKail K55 5lall
= 3dx€eER VyeEN,x+y=0 #VyeN, IxeR, x+y=0.

Examplel.76: Let x = computer, y = student,

p(x,y) = student uses the computer
Show that 3x, Vy,p(x,y) # Vy, 3Xx,p(x,y)
Solution:

Ix, Yy, p(x,y)

aexiind COUall JS i sane oS aa gy iy a3 jlaall

vy, 3x,  pxy)
Andiivg i sae oS aa gy allda JSDadly a3 lal)
Ci )y pmaall (0 jlall Caliaa imadl (o Jaadl

De Morgan’s laws for nested guantifiers
Let x and y are two variables defined on the sets A and B, respectively and
p(x,y) an open sentence. Then:

2.~[3x€A3y€B, plx,y)]=Vx,Vy, ~p(xy)
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3. ~[Vx€eAIyeB, plx,y)|=3x,Vy, ~p(x,y) (H.-W.)

4. ~[Ix €A Vy€ERB, px,y)] =Vx,3y, ~p(x,y) (H.W.)

Proof 2:

Takethe L. H. S

~[3x€eATyeB, p(x,y)|=vxeA~[3y€B, p(x,y)]
= Vx€eAVyEeB, ~p(x,y)
=R.H.S

Examplel.77: Find the truth values of the following statements and of their
negations:

lVvxeR(x#0),3yeR xy=1
The statement is true becauseV x E R (x # 0), 3y = €ER, x =1
Negation:
~[VxeR(x+#0),3y€ER, xy = 1]
= AxeR(x+#0), VyeER, xy#1
The statement is false
Letx=2andy = J thenxy =1
2.3x e R, Ay € R,x% + y% = 0 is true
Gl e 2o Lagamy e pen drals (s (pade s g
Negation:
~[3x € R, 3y € R, x? + y? > 0]
=Vx €R,Vy€R,x?+y? <0isfalse
33YVxeNVyeN,x+yeN (H W)

A VxeN3AyeZ,x+yeN (H W)

42 e dlas Cas — b e




Foundation of Mathematics el e

Exercisel.78:

1. Express the following using connective operators and/or quantifiers
)y gusal) sl day Hl1 ol o) aladindy b lee e
1) there exists p, and there exist g such that pg = 32
i) for each x, there exists y such that x < y
1ii) each even number is not odd number
Iv) for each x, if x is natural number then x is an integer number
v) for each natural number x, x is even number or x is odd number
2. Find the negation of the following sentences:
)Vx,Vy3z,x+y+z=18
i) there exists y such for each x, xy < 2

iii) 3x, [p(x) = q(x)]
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CHAPTERTWO

Set Theory
Gle ganal) 4y s

Sets

A set is acollection of objects e.g, a
set of keys, a set of geometrical
instruments, a set of false teeth

Chapter Two Contents:

1. Basic notion of sets cile gaxall a sgda
2. Subsetsas i cile gazall

3. Algebra of sets (union, intersection, difference, complement,
symmetric difference) cie saxall Jo cillaadl i cile ganall ya
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Definition 2.1: Set

A set is an unordered collection of objects. The objects are called the
elements or members of the set.

it elael ol jualially cans )5 a5 () 52 4 peall £ (e pand 4 e ganall
Ac ganall
Remark 2.2

1. The capital letters usually used to represent sets such as 4, B, C,....etc.
2. The small letters such as a,b,c,d,...etc are used to represents the
members or the elements of the set.

3. Membership in a set is denoted as follows: 4ic i de sanal paic ol
Sl g

a € A denotes that a belongs to a set A

4. Non-membership to a set is denoted as follows: iz de saxal jaic olaiil ae
Sl JLal die

a ¢ A denotes that a does not belong to a set A

Specifying a Set: 4s saxall (& yadll 5k

1. Listing members of a set: 4 gasdl 48, al)

In this way, we list all non-repeated members of a set separated by commas
and contained in braces { }. The members are not in an order.

s Om sl Lyl paliall aes aazai 43kl o 8 AEN 45 5k ) A4 saad) A5y Ll
Lipma 48yl 4 e 588 O Ja Y de senal) pualic Lein Jhadl Jual sy de sana
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Example2.3:

1.A=1{1,2,-5,09}, B = {x,y, Ali, fish}, C = {y;,y,, y3} are sets
2. The set of vowel letters in English: V = {a, e, i, 0,u}

3. The set of even positive numbers less than 8 is: W = {0, 2, 4, 6}.
4. The set of positive numbers less than 50 is: K = {1, 2, ..., 49}

2. Listing a set property: 4s gasall 5 j1aall diial) aladi

In this way, we state the property that characterize the elements in a set in as
follows: {x: p(x)}, where x is a variable and p(x) is an open sentence.

Example2.4: A = {x: x € Q}
B = {x:x is positive odd and x < 10}= {1,3,5,7,9}
C={xeN: -3<x<5}={1,234,5}

3. Venn Diagrams:¢# cilahaia
o3 addiud g de ganall Jiay (3l Aada JAN Ao gagall palic w48y jhll oda b
A duasidn g (2 £V 48, skl

Definition2.5: Empty Set 4l 4 gaaall

The set that contains no elements is called an empty set and is denoted by

{}ora.
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Example2.6: A={x EN:2<x<3}=0
B={x€E:\x=1}=0
C={xeN:x<0}={}

Subsets: dxijall e ganall

The set A is a subset of aset B (A < B) if and only if every element of A is
an element of B. In other words,

ACBIiff Vx, x€EA =>x€B

Remark?2.7: A is not a subset of B is denoted byA € B.

AZ Bifandonlyif~[Vx,x €A = x € B]
ifandonly if Ax;x € A AX€B

Example2.8: Consider the sets A= {2}, B={1, 2, 3} and C = {4, 5} and D=
{-2,1,2,3,4,5}. Then ASB,. A<D, BSDand C<D.
Itistruethat AC A, BS B, C<S Cand D S D.

Example2.9: Let A={4,9}and B = {x € N: 1 < x < 10}. Determine
whether AC BorB C A.

Solution: The set B be can be written as B={2,...,9}. Then
Vx, xEA >x€B

Hence, A € B.

But B € A because, for example, 3x =5€ B Ax & A.

Example2.10: Let A={x € N:x > 3}and B = {x € N: x*> > 4}.Is A S B?
IsB € A?
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Solution: Letx € A= x € Nand x > 3
= x2>9
= x?2>4=x€B.
= A C B.
IsB € A?

Example2.11: (H.W.) LetA = {-2,3},B = {x € Z:x3—x?—6x =
0}. Determine whether A € B or B € A?

Example2.12: (H.W.) LetA = {xe N:x>4}andB = {x e N:x<09}.
Determine whether A € BorB € A?

Theorem?2.13: Let A, B and C be any sets, then
1.9cA

22AC A
3.fAcBandBc CthenA cC

Proof 1: T PP C A, i.e, T.PVXEDP =>xXx€EA
F=>(TorF)=T
= @ CA.

Proof2: TPAC A, i.e, TPVxEA =>x€A
T=>T=T
= A C A.

Proof 3: T PIfAS BandB<S CthendA < C
T.PVx,x€A =x€C
" ACB > Vx,x€EA =>x€EB
. BC(C =>Vx,x€EB =2x€C(
LVx,x€EA 2x€B=>x€eC
. Vx,x €A 2x€C
.. ACC.
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Definition2.14: Proper Subset 4sadl) 44 jal) de ganall

A set Ais called a proper subset of B and denoted by (A c B) if and only if
A € B and there exist an element x € B that is x € A.

e, AcBiff{vx,x€e A >x€B} A{Ay,yEB Ay & A}

Example2.15: Let A = {x e Nvx? — 16 = 0}
B={x€N: x> —-16 =0}
Determine if A € B or B c A.

Solution: A ={1,2,3,...} U {4,—4} and B ={4}
It is clear that B < A because B < 4 and
dy ={1,2,3,5,..} EA Ay & B.

Example2.16: (H. W.) Let A ={fish, dog, bird}, B = {x,y,z, w}.
Determine if A c B or B c A.

Example2.17: (H- W.) LetA={x€Z: —2<x <10}
B={x€Zvx*+9=0}
Determine if A € B or B c A.

Solution: A = {-2,-1,0,1,...,10}and B = {0, +1,%2, ...} U {3i,—3i}

Complete the solution!

Definition2.18: Equal Sets 4 sludall cile ganal)

Two sets A and B are equal if they both have the same elements or,

equivalently, if each is contained in the other.

Ao gana JS CuilS 13 5l pualiall (i Lagd il 13) B 4o ganall (55 A de senadl of J
GOAY) G A
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A=Biff ACB ABC A
o {Vx,x€EA->x€B} AN{Vx,x€EB - x €A}
—{Vx,x € A & x € B}

Example2.19: Let A = {x € Z A5x%* + 2 = 0}
B={x€eN:2x+3 =0}

IsA =B?
Solution: A =Z n{i\E i}=0
B=0

= A=8B

Lemma2.20: ( H. W.) Prove that: A = A, for any set A.

Definition2.21: Universal Set ALl ds gasall

Universal set U is the set that contains all the elements or the sets we have

under discussion.

Lol es ABliall 48 e sanall 5l jualiall aien (g5a3 il de sanall & rALLE] de ganal
U 3ol

Example2.22: Let A = {x,y,3}, B = {2,—5,100},C = {2,3, 1}
Find a universal set U.

Example2.23: Let A={x €R:2<x<5}and B={x€R: —1<x <
2}

Find a universal set U.

Definition2.24: Family of Sets <ile saaall dlils
Family of sets is a set that have other sets as members.
cle gana Alile Ll de gane W palic (e jeaie S G5 Gl de ganall J
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Example2.25:
1. A = {{1},{2}} is a family of sets

2. B = {@} is a family of a set

3. X = {X} is a family of a set

4. A = {x, {y,z},{1, ...,5}}

5.H = { A: A is a subset of {1,2,3}}

6. K ={4;:4;, ={2,%},i =1,2,3}

Definition2.26: Power Set ) 2% 4 saza g 5 4ill 4 gana

Given a set X, the power set of X is the set of all subsets of X. The power
set of X is denoted by P(X).

Saons X J sl de gena Ll X (g0 4 ) e sandl) (S e gendd Uy de sane X oS3
P(X) b\l

P(X)={A:AcX}, AePX)=A

Example2.27: Find P(X) for the following sets X:

1.X={1,2,a}, PX)=1{0,X,{1},{2},{a},{1,2},{1,a},{2,a}}

2.X={¢}, PX) ={0 X}

3.X ={{-2},3}, P(X)={0,X{{-2}}{3}

Remark?2.28: 1. Since X € X, then P(X) + Q.

2. If X is finite and has n elements, then P(X) has 2™
elements.
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Theorem?2.29: Let X,Y be any sets,then X € Y < P(X) € P(Y).

Proof: (=) Let X S Y T.PP(X) € P(Y)
LetAe P(X) > Ac X (Bydef.of P(X))
= ACY (XCVY)
= AeP(Y)
~ P(X) < P(Y)

(&=)LetP(X) < P(Y) ToProveX cY
letxeX = {x} X
= {x} € P(X)
= {x} € P(Y) {P(X) € P(V)}
= {x}CY
= x€eEY
~XCY

Algebra of sets:

1. Union a3y
The union of the sets A and B, denoted by 4 U B, is the set of elements
which belong to A or to B.

B A senall 5l A de ganall i ) pualiall de sana 2 4 5B e sane ala)

AUB ={x,x € Avx € B} u A B

xEAUB © x€AV x€EB
XxX¢EAUB © x¢ANx&B

Union of sets

AUB

Example2.30: LetA ={x e N:1 < x <5} ={1,2,34,5}
B={x€N:8<x<12}={89,10,11,12}

FiIndAuB, BUALAUA, and BU®

Solution: AUB=BUA={1,..,58,...,12}

AUA=A
BU@®=RB
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Example2.31: Let A={x € R: —2 < x <5} =[-2,5],
B={x€E:x*—16 =0} = {4,—4}
C ={1,4}
FindAu(Bu(C),(AuB)UC,P(B),P(C),P(BUC)

Definition2.32: Generalization of the union a3y awaxs
Let Ay, Ay, ..., Ay, Apyq, - DE any sets. Then:

n
i=1
Gl ganall (o (oghia 2e A3

In general,

[0 ]
Al =A1 U ...UAn UAn+1 U..
i=1

Gle ganall (1o (gl pe d2e A3

Example2.33: Let H = {A;; A; = {2i+ 3}, i € Z}
Find

Ui, Ap and U 4
Solution: Uf,4; =4, U4, UA;UA, ={5}u{7}u{9}u {11}
= {5,7,9,11}

Ui_14; =A_{UAyUA  UA, UA; = {13 U {3lu {5} u {73 u {9}
={1,3,5,7,9}

Example2.34: Let K = {A4,; A, = (—m,n), n € N}
Find A,V U;-,4,

Solution: A, U Up-, A, = (—1,1) U (-2,2)U ..U (=k,k) U ...
Example2.35: (H. W.) Let K = {4,; A, = [n,n+ 10), n € Z}
Find U2__, 4,
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Example2.36: (H. W.) Let K = {4;;4; = {j + 1,j + 2}, j € N}
Find U725 4;

Theorem?2.37: Let A, B and C any three sets. Then:
1.AU@=A (ldentity law)
2.AUA=A (ldempotent law)
3.AUU=U (Domination law)
4. (AUB)UC=AuBUC) (HW)
5, AuC=CUA
6.ASB ©AUB=B

BCA ©AUB=A
7.ASAUB (HW.)

BCAUB
8.P(A)UP(B) € P(AUB)

Proof 1: Toprove AUPCSAANACAUD

TPAUPCA (T.PVxXEAUDP= x € A)
Letx€e AUP=x€AVx e (def ofuv)
= x€AVF
= x €A (pvF=p)
CAUDCA vvivennnnnnn, (1)

Letxe A= x € AVF(pVF=p)
= xEAVXED
= x € AUQ (def. of U)
CACAUD viininnnne. ?2)

From(1) & (2),AUp=A

Proof 2: Toprove AUACAANACAUA

TPAUACA (T.PVxEAUA= x € A)
Letxe AUA=x€AVx€eA (def. of L)
=x €A (p Vp=p)
SAUACA coeinanenee. 1)

LetxeA=>x €AV x€A (p Vp=p)
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= x€ AUA (def. of U)
SACAUA ovviinnnene.. 2)

From(1) & (2),AUA=A
Proof 3: Toprove AUUCUAN UCAUU

TPAUUCU (T.PYVYxe AuU= x € U)
Letx€e AUU=>x€AvxeU (def ofv)
=x€eUvxelU (AcU)
=xelU
SAUUCU evivniinnnanns 1)

LetxeU=xeUvxeA (Tvp=T)
= x € AUU (def. of U)
SUCAUU ovivviiainanns 2)
From(1) & (2),AuvU=U
Proof 5: Toprove AUCS CUAAN CUACAUC

TPAUCSCUA
Letx e AUC=x€AVxelC (def. of L)
= x€e€CVxeA (Viscommutative)

x€ECUA (def. of U)
AUCESCUA ..ccuvvvnenne. (1)
Similarly, showthat CUA < AUuC (H.W)............... 2)

From(1) & (2), AUC=CUA

Proof 6: Toprove ASB < AUB =B

(=)ifACSBT.PAUB=B
TPAUBSBA BSCAUB
Letxe AUB=x€AVvx€B (def. of U)
= x€BVx€eB (byhypo.AC B)
= X€EB (p Vp=p)
Z“AUBGCB .ereennnnnn. (1)
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letxeB=xeBVxeA (Tvp=T)
= x€ AUB (def. of U)

From(1) & (2), AUB =B
(&=)IfAuB=BToproveAC B
letxeA=x€AV xeB (Tvp=T)

= x€ AUB (def. of U)
= X€EB (by hypo. AUB = B)

~ACB

Proof8: T.PP(A)UP(B) € P(AUB)
LetX € P(A)UP(B) Toprove X € P(AUB)

Xe P(AAUP(B) = X € P(A) v X € P(B) (def. of L)

=XCAV XCB (def. of P(A4))
= XCAUB (def. of U)
= X E€EP(AUB) (def. of P(AU B))

» P(A)UP(B) S P(AUB)

2. Intersection adalail)
The intersection of the sets A and B, denoted by A N B, is the set of

elements which belong to both A and to B.

ANB={x;x € A Ax € B}
xX€E ANB= xeA NXEB
x& ANBS x&AV x¢B
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Example2.38: Let A = [2,9],B = (5,14],C = (8,12)
FindAnB,An®,BNB,BNC,ANC,(ANB)U(BNC)

Definition2.39: Generalization of the intersection aaliill ateas
Let A,,A,, ..., Ay, Apyq, - DE any sets. Then:

AiNA,Nn..NA, =N A={x,x €A; Vi=12,..,n}
Ale ganall (1o (oglie 23e adalss

In general,
AiNA, N NA, NA N =N A={x,x €A, Vi}

Ale ganall (o (gl e 23 adalss

Example2.40: Let X = {4;;4; ={1,2,3,...,i};i € N}
Find

(Up=1 A7) N(N7=1 4)
Solution: 4; = {1}, 4, = {1,2}, ... As = {1,2,3,4,5}
5
U Al = Al U AZ U A3 U A4_ U AS = {1,2,3,4‘,5}
i=1

5
ﬂAi =A;,Nn..NAs = {1}
i=1

(Uz=14) n(N3=y 4)= {1}

Example2.41: Let X = {A;; 4; = (=,7):j € N}
Find
4 4
ﬂAj and UA]
j=2 j=2
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Solution:

h=apnsnd,=(-La(-L Y a(-1 o (-1
j=40dsna,=(=55)0(-3.3)0(-33) = (-33)

.

N

~

4

o= momon=(-3o(3Dv(-3= (3
_21'_2 3T 272 3’3 4’4) —\ 2’2
]:

Example2.42: (H.W.) Let X ={A,;A, ={n®>+1}n € Z}
Find

n9l=—3ATl ’ n;?lo=1ATL ' P(U%:lAn)

Example2.43: (H.W.) Let X ={4,; A, ={n—2,n—1,n};n € N}
Find

Mn=14n, Unz1 4y

Theorem?2.44: Let A, B and C any three sets. Then:

1L.ANG =0 (H.W.) (Domination law)
2.ANA=A4 (H. W.) (Idempotent law)
3.ANU=A (Identity law)

4. (AnNB)NC=ANn(BnNnC)

5 AnC=CnNA (H.W.)
6.AN(BUC)=((ANB)U(ANC)
7.AUBNC)=(AUB)Nn(AuC) (H. W)
8.ANBcA (H W)

ANBCBHB

99A€B ©ANB=A

10. P(A)NP(B) =P(ANnB) (H W)
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Proof3: T.PANUCAN ACANU
Assumethat x EeANU =xXx€EA ANXEU
= XEA

LetxeATPxeANU
XEA =>x€eANx€eEU [ACU]
=X EANU cevivennnnn. 2)

From (1) & (2), AnU=A

Proof 4:

letxe(ANnB)NCe=x€(ANB)Ax€EC (def. of N)
©(xeANxeEB) AxeC  (def.of N)
Sx€EAN(xEB Axel) (Aisassoc.)
©Sx€EAANXxE BNC (def. of N)

Sx€e An(BNC) (def. of N)

~(AnNnB)NC=An(BnNC)

Proof 6:

letxeAN(BUC)e x€AANXx€E BUC (def. of N)

& x€EAN(x€E€ Bvxe C) (def.ofv)
S (x€EANXE B)V(xe AN xe C) (distribute Aonv)
& x€EANBvVvxe AnC (def. of N)
© x€(ANB)U (A Nn0) (def. of U)

Proof9: T.P ACB < ANB=A4

(=) Suppose ASBTPANBSAANACSANB

letxeEAN B= x€ ANXxE B (def. of N)
= x€ A
ANB C A.ccucunnnnnn. §))

letxeA = x€ ANXxE B [A c U]
= Xx€EANB
= ACANB....(2
From(1) & (2), AnNB=A
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(&)LetANB=AT.P ACB(H.W.)

3. The Complement 4lasall i dadial)
Let U be a universal set and A be any subset of U. The complement of a set
A, denoted by A€, is the set of elements which belong to U but do not belong
to A.

A de sanall i Y 5 ALlil de ganall aiii ) jualiall de gene o8 A de senall Lacia

A={x,xeU AN x¢ A} =U\A
XxXEA =S x €A
xEAS x¢g A

Example2.45: LetU = Z,A = {—1,0, 1}. Find A°.

Solution: A° = Z\A

Example2.46: Let U = [0,8),4 = {1, 2}. Find A°.

A =10,1) U (1,2) U (2,8)

Example2.47: LetU ={1, 2, ..., 10},
A={x€EN:1<x<3}={123)
B={x€N:8<x<10}={89,10}
C={xeN:1<x<2}={12}

Find A€, B¢, C¢, (AU B), (A N C)¢,(C U B)¢

Solution: A€ = {4,5, ...,10}
B¢ ={1,2,..,7}

ce =
(AU B)° = {1,2,3,8,9,10} = {4,5,6,7}

(AN C)¢ ={1,2)° = {3,4,...,10}
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Theorem2.48: Let A and B any two sets. Then:

1.9¢=U, U°=0Q

22ANA=0 (HW.), ASUA=U, (A)°=4 (H.W)
3. (AU B)¢ = A° n B¢

4. (ANB) =A°UB° (H.W.)

5,ACSB & B C A° (H.W.)

6,ACB ©ANB°=0

Proof 1: T.P @ =U
Assume that @€ = U il e la
Ax,x € P° AN x ¢ U
XE QP° =S x€EUAxg@ (def. of ¢°)
= x € U v 4 gw il
P =U

Proof 1: T.PU =0

Assume that U¢ # @ dlw e ola y
dx,x € UANx¢& @

xE U =x€eEUANx¢gU i
~UC=0

Proof2: T.P A°UA=U

Assume that A° U A # U il e Jla n

dx,x € AUANAN x&U.... (%)

X€ A°UA=x€ A°Vx €A (def. of U)

Ifx € A°=x€UA x¢&A (contradiction with x € U in*)
IfxeA=x€e€UA x & A° (contradiction with x € U in*)
~ASUA=U

Proof3: T.P (AUB)¢ = A°n B¢
x€(AUB) @ x ¢ AUB (def of complement)
& x¢ AN x¢&B (defofv)
& x € A° Ax € B¢ (def. of A°)
& x € AN BS (def. of N)

Proof6: (=)LetACBT.PANB =9
Assume that A N B¢ # @ =8l il pe ola p
Ax,x € ANB = x€A N x € B¢
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= x EB A x € B¢ (byhypo. A S B)
—3 ().43'“\_'\3
~ANB =0

(&)LetANB =0 T.PACB
Letx € A= x & B¢ (byhypo. An B¢ =)
= x € B (def. of B°)
~. ACB

4. Difference or relative complement : (@il sl dlail)
Let A and B are two sets. The difference between 4 and B, denoted as A-B

or A\B, is the set of elements which belong to A but do not belong to B.
B Jled Az lgh B ) daiie je 54 ) daiiall pualiall de genal J

A—B={x,x€ANx¢&B}=A\B
XxXEA—BSx€eANx&B
x¢A—BSx¢&AV x€EB

Example2.49: LetA={x € Z:x > 1} =N

B={x€R:x*+3=0}=0
C={x€Z —3<x<4}={-2,-1,..4}
D={x€0:x2—9=0}={3,-3}
Find A\D, B—B, C\(AnD), (BUA\C, (CUA\BND)
Solution: A\D = N\{3, -3}
(CUAN\BND)=(NU{-2,-1,0D\@ =NU{-2,—-1,0}

B—B=
C\(AND) =

(BUA\C =
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Theorem?2.50: Let A, B and C any three sets. Then:

1.AAA=0, AAU=0 (H.W.)
2.A\Q=A, O\NA=0 (H W)
3.AABS A, BN ASB (H. W)
4ACBSAB=0 (HW)
5, AABNB =0
6.ANB=Q0< A\B=AANB\A=B
7.A\(BUC) = (A\B) n (A\C) (H.W.)
8. A\(BNnC)=(A\B) U (A\()
9. A\A° = A, A\A=A4° (H. W)
Proof 5: Assume that AA\B N B # @ il e ol p
dx,x € ABNB=x€ A\BAXx€EB
= (x€ ANx & B)Ax €B (def. of difference)
=x€ ANx¢€BAx€EB) (Aisasso.)
= x€ ANF
= X EF =85 (p AF=F)
~ AABNB=0
Proof6: (=)Let ANB=Q0T.PA\B=A ANB\A=B
Letx € A\B < x € AAx & B (def. of\)
< x€ AANT  (byhypo.)
Sxe A (pPAT =p)
~ A\B = A
Similarly, one can prove that B\A = B
&)LetA\B=AANB\A=BT.PANB=9

Assume that A N B # @ s=ilill ola
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dx,x € ANB=x€ AAx € B (def. of n)
= 3dx, x € AABAx € B (A\B =A)
= dJdx,x € AABAXx€E€ B
= 3x,(x€ AANx¢€B)AX€E B
= 3dx,x€ AN(x&B ANx € B) (Aisasso0.)
= 3Ax,x € ANF=F =85 (p A F=F)
~ANB =0
Proof 8: T. P A\(B N C) = (A\B) U (A\(C)
letxe AA\(BNC)=x€ AANx & BnC (def. of\)
Sx€ AN(x&€Bvx & () (def.ofn)
S (xe ANxgEB)v(xe Anx ¢ C) (dist. Aoverv)
& x € A\Bvx e A\C (def of))
< x € A\BU A\C
. A\(BNC) = (4A\B) U (A\C)
5. Symmetric Difference 5Ll 8

The symmetric difference between two sets A and B is denoted by AAB and
Is defined as:

AAB = (A\B) U (B\A4)

=(AUBY\(ANB)

Example2.51: LetA ={x € E:—8 <x <9} ={-8,-6,..,0,2,...8}

B ={1,2,4,6}. Find AAB
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Solution: AAB = (A\B) U (B\A4)

= {-8,-6,..0,8} U {1}

Theorem?2.52: Let A, B and C any three sets. Then:

1AM =0 (HW.), AAD=A
22AAB=BAA

3.AAB=0Q0 < A=B

4., AA(BAC) = (AAB)AC (¢ Gs)

50 AN (BAC)=(ANB)A(ANC) (SR sv)

Proof 1: TTPAAP=A
Letx e AAD = x € (A\D U 0\A) (def. of A)
S x€eA\DVxeEP\A
Sx€EAUD (A\® =A,0\A =0)
S x€EA

~AANDP=A
Proof2: TPAAB=BAA
Letx e AAB < x € (A\B UB\A) (def.of A)
& x € (B\AUA\B) (Uiscomm.)

S x€E BAA
~AAB=BAA

Proof3: AAB=0 < A=B
(=)IletAAB=0 T.PA=B
Suppose A #B = 3Ix,x € ANx &B
= 3Ix,x € A\B  (def. of\)
= 3x,x € AA\BVvx € B\A (TVvp=T)
= 3x,x € A\B UB\A (def. of U)
= 3dx,x € AAB=0
= 3x,x € @ contradiction
. A=B

&)suppose A=BT.PAAB =0
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AAB =A\B U B\A (def. of A)
=A\A U A\A (A=B)
=Q U Q=0
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CHAPTER THREE

Relations
a8l

Chapter Three Contents:

1. Cartesian Product (Al q pall
2. Relations i@l
3. Properties of Relations<&al) g1 il

4. Ordering <5 A

Definition3.1: Ordered Pair <l z 3%

An ordered pair of elements a and b is denoted by (a, b) where a is called
the first element and b is the second element.
a ol G (a,b) e A sanb saoe osSiall ol g3l Tamie b sa oS4
() Lisall oy b i) g i all 2o 30 s e any

Remark3.2: Let a, b, c and d be four elements. Then:
1. (a,b) # (c,d) ingeneral

2.(a,b) =(c,d)=a=c Ab=d
3.(a,b)=(b,a) a=0»b
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Cartesian Product (St q pall

Consider two arbitrary sets A and B. The set of all ordered pairs (a, b) where
a € A and b € B is called the product, or Cartesian product, of A and B
and denoted by A X B.

AxB={(a,b):a€A Ab € B}
(ab)€ AXB< a€AAbEB
(ab)¢ AXB= a¢AVb¢B

Example3.3: Let A = {a,b,c}, B = {5,4}. Find
A X B=
B X A=
AXA=
B X B=

Remark 3.4: If the number of a set A equals n and the number of a set B
equals m. Then the number of the elements of A X B is nm.

Example3.5: LetA = {x € N:x < 3} = {1,2,3}
B ={0,3}, C ={1}. Find

A X A=

B X B =

CXxXC=

B X C=

(BNC) x A=

(BUC) xB=

Is,AXB =B X A?
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Theorem3.6: Let A, B, C and D be non empty sets. Then:

1L.AXO=0and P XA=0
2AXB=BXAS A=B
BAXBNC)=AXB)N(AXC) (H W)

4, AXx(BUC)=(AXB)uAxC) (H. W)
5.A % (B\C) = (AXB)\(4 X ()

6. AXB)N(CxD)=(ANC)x(BND) (H W)

Proof 1: TP.OXA=0
Suppose that @ X A # @ oSall (= i
J(x,y) EOXA =x€@ Ny€eA (def. of A X B)
=FAy€EA
=F (FAp=F) =8
SOXA=0
In the same way, provethat A X @ = @ (H. W)

Proof 2: (=) Suppose AXB =B xAT.P. A=B
Let(x,y) EAXB = x€A ANyYyEB (def.of AXB)
(x,y) EBXA=>x€BANYyEA (AXB=BXA)
= ACBABCA
= A=B (def. of equal sets)
<)SupposeA=B T.P. AXB=B XA
Let(x,y) EAXB < x€AANy€EB (def.of AXB)
< x€EBANyeEA (A=B)
& (x,y) € BxA

~AXB=BXA

Proof5: T.P. A X (B\C) = (A X B)\(4 x 0)
Let (x,y) € AX(B\C) ©®x€A ANye(B\C) (def.of AXB)
Sx€ANYEBAyYy&C) (def.of \)
S (x€EANYEB)AN(xEA ANy &C) (dist. AonA)
S (x,y) € AXB A (x,y) & AXC
& (x,y) € (AXB)\(AXC)
s~ AX (B\C) = (AxB)\(AxC)
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Definition3.7: Generalization of the Cartesian product (Sl il aseas

Let A, A,, ..., A, be any sets. Then

n
nAi =A; X .. XA, ={(x1, ., xp)ix; €A i =1,...,n}
i=1

Example3.8: What is the Cartesian product A X B x C, where
A={01},B ={1,2},C = {2)?

Solution:

AXBxC=1{00,12),(00,22),(1,1,2),(1,2,2)}

Remark3.9: Let A be a set, then
AX A= A2

AXAXA=A3
Ingeneral, A X ...x A = A"

Example3.10: Let R be the set of real numbers then R x R = R? and

RXxRXR=R3
Relation: 4l
Let A and B are two sets. Any subset R of A x B is called a relation from A

to B. In other words,

R isarelationfromAtoB < R < A X B.

(x,y) € R can be written as xRy or x~y

(x,y) & R can be written as xRy or x + y

70 e ben G — i e s




Foundation of Mathematics el e

Remark3.11: The relations are denoted by R,S, T, W, ...

Definition3.12: If R is a relation fromAto A (R S A x A) then R is called
a relationon A

Example3.13 Let A = {1,4,5}, B = {1,a}

AxB={(1,1),(1,a),(41),(4,a),(5,1),(5,a)}. Write three relations from
AtoB.

Solution:

Remark3.14: The empty set @ is the smallest relation from A to B
(0 € A X B).And, A X B is the largest relation from A to B
(AXB < AXB).

Example3.15: (H. W.) Let A = {1,4,5}, B = {1,a}. Find B X A and write
three relations from B to A.

Example3.16: Let A = {x, y, —1}. Find a relation from A to A.
Solution: A X A = {(a,,b):a,b € A}

AXA=

{(xr X), (X, y)r (X, _1)' (y' X), (y; y)' (yr _1)7 -1, .X), (_1! y)' (_1' _1)}
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Specifying a relation: 4&all e juaill (3 sk

1. Listing members of a relation: 4 sasd) 4&, Jall

List the members of the relation separated by commas and contained in
braces { }.

Example3.17: Let A ={1,2}, and B = {x,y} are two sets and R is a
relation from A to B.

R={(1,x),(1,y),(2,x),(2,¥)}
2. Listing a relation property: 483l & jiaall dduall alaidiu
State the property that characterizes the elements in a relation

Example 3.18: A = {-1,5,0}
B ={-3,0,—1}

Let
R, ={(a,b) EAXB:a=b}=
((-1,-3),(~1,-1),(5,-3),(5,0), (5,—1), (0,-3),(0,0),(0,-1)}

RZ = {(xry) EAXB:x = y} = {(_17_1)7 (070)}

Definition 3.19: Let x and y are integers with x #= 0 (x,y € Z). Then"x
divides ~~2: y" is denoted by x|y and is defined as:

x|y & 3k € Z such that y = kx

)?\{X(:vkEZ:yqth

When "x divides ~& y" we
say that "x is a factor of y" or "y is a multiple of x"

Example3.20: Are 3|6,—4|8, —5]|1, 9|307?

Solution:
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dk = 2 such that 6 = 3k = 3(2) = 3|6
dk = —2 such that 8 = —4k = —4(—-2) = —4|8
vk € Z,30 # 9k = 9|30

—5|1 (H. W.)

Example3.21: A ={x € Z:0 < x < 4}. Write arelation R on A such that
R ={(a,b) € A X A: a|b}

Solution: A = {0,1,2,3,4}
R ={(1,0),(1,1),(1,2),(1,3),(1,4), (2,0),(2,2), (2,4), (3,0), (4,0), (44)}

Definition3.22: Let R, and R, are two relations from A to B, then

R, NR,,R; UR,,and R,\R, are also relations from A to B.

Example3.23: A ={x,y,z}
B={x€Z:—2<x<3}
Write two relations R, and R, from A to B.

Ri=

R,=

Then find
Ry N R,=
Ry UR,=
R1\Ry=
Ro\Ry=

Definition3.24: Let R a relation from A to B then R~ is a relation from B to
A. R~ 1is called the inverse of R.
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R™Y ={(b,a):(a,b) € R}
Remark 3.25: (R™1)"! =R

Example 3.26: Let A = {0,3,8,—10}and B = {0,1, 2}. A relation R from A
to B is defined as:

R={(a,b) e AXB:a+b=2kke’Z}
Write the elements of the relation R then find R~1?
Definition3.27: Domain of a relation 48l Jaa

The domain of a relation R € A X B is the set of the first coordinates of
each pair. In other words:

domR ={x € 4; 3y € B: (x,y) € R}
It is clear that domR € A
A8l 16 Jadliall de gana sa 48D 3llaie

Definition 3.28: Range of a relation 42al) s

The range of a relation R € A X B is the set of the second coordinates of
each pair. In other words:

range R = {y € B; 3x € A: (x,y) € R}
It is clear that rangeR € B
A Ldlosal) Ao gana b ABMall 50e

Example 3.29: Let A=Nand R = {(a,b) E N X N: b = 2a}

Find dom R and range R.
Solution:

The relation R can be written as follows

R =1{(1,2),(2,4),(3,6),(48), ...}
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domR ={1,2,34,5,....} =N
range R = {2,4,6,8,....} = even positive numbers

Example 3.30: (H.W.) LetA=Zand R={(a,b) €ZXZ:b=1—a}

Find dom R and range R.

Lemma 3.31: Let R be a relation on A X B then:

1. dom R = range R~ (H. W.)
2.range R = dom R™!
Proof2: AX B ={(a,b):a € A,b € B}
B XA ={(b,a):(a,b) € AX B}
rangeR = {b € B;3a € A such that (a,b) € R}
domR™! = {b € B;3a € A such that (b,a) € R~}
T.P rangeR = dom R™?!
Letb € rangeR << Ja € A suchthat (a,b) €ER
& 3Ja € A such that (b,a) € R™!
& b€edomR™?
. range R=domR™!

Properties of Relations: <i@all yal $&

1. Reflexive relation: dswlssiy) 43Mal)
A relation R on a set A is called reflexive if (a,a) € R foreverya € A

(35 4y Jadi 3e A4 e ganal) 8 juaic JS S 13 LulSail aud 4 Ao sendll e R 38Dl
R @)
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R reflexiveonA <= aRa Va€eA

< (a,a) ER Va€eA

R notreflexiveon A & 3Ja €A, a ~ a

<= 3Ja€A, (a,a)e¢R

Example 3.32: Let A = {1,2,3,4}. Which of these relations are reflexive?

Solution:

Ry ={(1,1),(1,2),(2,1),(2,2),(3,3), (34, (41), (44)}

R; is reflexive on A because

(1,1) R, (2,2) ERy,(3,3) ERy, (44) ERy

= (a,a) ER, Va€eA

R, ={(1,1),(1,2), (2,1)} is not reflexive because 32 € A such that
(2,2) € R,

33 € A such that (3,3) € R,

34 € A such that (4,4) € R,

R; ={(1,1),(2,1),(3,4),(2,2),(2,3),(3,3),(3,1),(3,1),(4,3)} is not
reflexive because (4,4) € R

R, = {(3,4)} is not reflexive

Example 3.33: Let A = {—2,%,0, 3}. Let R, and R, be two relations on A
such that

R, = {(a,b):a < b}
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R, ={(a,b):a = b}

Are R, R, reflexive? Is A x A reflexive on A?

Solution: R, = {(a,b):a < b} = {(=2,—2), (—2,%) ,(=2,0), (=2,3),

(0.3).03).(3.3).(5.3) (00),(33)}

(a,a) € R; Va € A= R, is reflexive
Similarly, (a,a) € R, YVa€ A and (a,a) EA X AVa€EA

= R, and A X A are reflexive relations

Example 3.34: Let A = Z. Let R be relations on A such that

R ={(a,b):a =bora=—b}.

Is R reflexive? Is Z x Z reflexive on Z?

Solution:
R={(-1,-1),(-1,1),(1,-1),(0,0),(2,-2), ... }
Since (a,a) ER Va € Z = R is reflexive

Similarly, (a,a) EZXZ VYa€Z = Z X Z isreflexive

Remark 3.35:

1. A X A is reflexive on 4
2. @ is not reflexive on A

Example3.36: Let A = N. Let R be relations on A such that

R ={(a,b) € N X N:a|b}. Is R reflexive?
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Solution:

aRa Va€eN?IsalaVa€ N?

ala= Ik =1s.t.a=1(a)
= aRa Va€eN

R is reflexive

Example 3.37: Let A = {—2,—3,2,4}. Let R be relations on A such that

R ={(a,b):a+ b < 3}. Is R reflexive?
Solution: Leta=2,b =2
a+b=4>3

= R is not reflexive

Identity Relation: 3aagll 43 g) 4.5) 1) 48Mal)

Let A be a set. The identity relation on A is denoted by 1, and is defined as:

I, ={(a,b) € A X A:a = b}

Remark 3.38: Let A be a set. The identity relation 1, is a subset of the
reflexive relation on A.

Example 3.39: Let A = {—2,-3,2,4}. The following relation is ldentity
relation

R = {(_21 _2)1 (_3' _3)' (2'2)1 (414)} = IA

Example 3.40: (H. W.) Which relations from examples 3.32-3.34, 3.36,
3.37 are identity relations?
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Symmetric Relation: 4 Bl 48Mal|

A relation R on a set A is called symmetric if the following condition
satisfied:

If (a,b) € Rthen (b,a) ER Va,b€EA

The relation R is not symmetric 4kl e if

3(a,b) € A X A such that (a,b) € R but (b,a) ¢ R

Example 3.41: Let A = {1,2,3,4}. Which of these relations are symmetric?

R, = {(1,2),(2,1)} is symmetric because (1,2) € R, A (2,1) ER;
R, ={(1,1),(1,2),(2,1)} is symmetric

R; ={(1,1),(3,4),(2,2),(2,3),(3,3),(3,1),(1,3),(4,3)} is not symmetric
because (2,3) € R; but (3,2) € R;

R, = {(3,4)} is not symmetric

Example 3.42: Let A = {—2, -3, 2,4}. Let R be relations on A such that

R ={(a,b):a + b < 3}. Is R symmetric?
Solution:
R ={(=2,-2),(=2,-3),(=22),(=24),(=3,-2),(=3,2),(=3,4),
(2,-2), (2,-3),(4,-2),(4,-3)}

R is symmetric, (a,b) € R & (b,a) €R
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Example 3.43: Let A = Z. Let R be relations on A such that

R={(a,b) € ZxZ:a+ b < 3}. Is R symmetric?
Solution: R = {(—1,-1),(—-2,-2),(2,1),(1,2),(1,1), .... }

(e 45 Aggiia il dagaiall dlae W) de sena o A8 paR A o) JUa 13 8 Laadl
: SUIS Al G ) 35k e LAY AE Hha ) Lai Gl J83a)) jualie JSAS

(a, b)) ER=a+b<30raRbea+b<3
Let (a,b) € R = (b,a) € R?
(a, D)) ER= a+b<3
= b+a<3
= (b,a) ER
~ R is symmetric relation

Example 3.44: LetA = Z anddefineaRb < ab >0 Va b€eZ

Is R reflexive? Symmetric?

Solution:

reflexive: IsaRa Va € Z?

leta€Z=aa=a%2 >0
~ R is reflexive
symmetric? Let (a,b) € R,Is (b,a) € R?
(a,b)) ER=ab =0
= ba =0
= (b,a) €ER

~ R 1S symmetric
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Example 3.45: Let A = Rand defineaSb<a—-b >0 Vab€eS

Is S reflexive? Symmetric?

Solution:

1. reflexive: IsaSa Va € R?

letaeR=a—a=0
=~ S is not reflexive
2. symmetric? Let (a,b) € S,Is (b,a) € §?
(a,b)eES=a—-b>0

=b—-—a<0
= (b,a) & S

~ § is not symmetric

Example 3.46: (H. W.) Let A =Z and define aR b < |a| = |b|] Va,b €
Z

Is R reflexive? Symmetric?

Example 3.47: (H.W.) LetA = Z and defineaRb < a=1 Va€eZ

R={(1,b):b € Z}
Is R reflexive? Symmetric?

Theorem 3.48: A relation R on a set A is symmetric iff R = R™1

Proof: =) Suppose R is symmetric T.P. R = R~
Let (a,b) ER < (b,a) ER (R issymmetric)
< (a,b) € R7Y (def.of R71)
~R=R"!

&) Suppose R = R~ T. P. R is symmetric
Let (a,b) ER = (a,b) ER™! (R=R"YH
= (b,a) € (R"H)™! = R
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~ R Is symmetric.
Anti-Symmetric Relation: 45Ul ax d3de
A relation R on a set A is called anti symmetric if

(aRb AbRa) =>a=b VabeA

R is not anti-symmetric if 3a, b € A such that (a Rb AbRa) Aa#b

Example 3.49: Let A = {1,2,3,4} and R,, R, are two relations on A such
that

Rl = {(211)1 (3'1)1 (3'2)1 (111)} and RZ = {(211)' (3'1)1 (172)1 (171)}

Are R,, R, anti symmetric?

Solution: R,is anti symmetric because (1R1 A1R1) = 1=1
R, is not anti symmetric because 3(2,1) e RA(1,2) e Rbut1 # 2

Example 3.50: (H. W.) Let A = {1,2,3,4} and Ris a relation on A such that

R = {(4,2)}. Is R anti symmetric?

Example3.51: Let A = Z and R isarelationon Z suchthata Rb < a =
b+1

Is R reflexive? symmetric? Anti-symmetric?
Solution:
R ={(2,1),(1,0),(0,-1),....}

Reflexive? Let (a,a) ER=a#*a+1
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~ R is not reflexive
symmetric? Let (a, b)) ER=a=b + 1
butb #a+1
Take (3,2) ER(3=2+1)
but (2,3)€R (2#3+1)
~ R is not symmetric
anti-symmetric? Supposea Rb AbRa = a = b?
if aRbthena=b+1
if bRathenb=a+1
a=b+1land b=a+1iffa=»b
~ R is anti symetric

Example 3.52: Let A = Z and R is arelationon Z suchthataR b < a|b

Is R anti-symmetric?
Solution:
Let aRb AbRa = a = Db?
aRb AbRa = a|bA bla

= b=kia Na=kyb, ki, ky €Z...(*)

— b - kl(kzb)
— b - (klkz)b
— klkz = 1

=>k1=k2=107'k1=k2=—1

Ifk, =k, =1thenb = 1.a (from*)
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Ifk, =k, =—1thenb = —1.a (from¥*)
= b=aorb=-a
~ R is not anti symmetric.

Example 3.53: (H. W.) Let A = Z and R is a relation on Z such that

aRb © a+ b =2k, keZ
Is R anti-symmetric?

Theorem 3.54: Let R be arelation on A, then R is anti symmetric iff
RnNnR1cl,

Proof: =) Let R is anti symmetric T.P. RNnR™1c I,
Let (a,b) ERNR = (a,b) ER A (a,b) € R~ (def. of N)
= (a,b) ER A (b,a) ER
= a =b (R isanti symmetric)
= (a,b) € 1,
~RNR1clI,
&)LetRNR 1 c I, T.P. R isanti symmetric
LetaRb AbRa = (a,b) ERA (b,a) ER
= (a,b) e R A(a,b) € R7?
= (a,b) E RN R~ (def. of N)
= (a,b) € 1,
=a=>

Transitive Relation: 4aial) 48l

A relation R on a set A is transitive
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If (a,b) € RA(b,c) € Rthen (a,c) e RVa,b,c€ A

or
IfaRb AN bRcthenaRc Va,b,c€ A
A relation
R on a set
Ja,b,c € Asuch that (a,b) € R A(b,c) ER AN(a,c) €R | Aisnot
transitive

if

Example 3.55: Let A = {1,2,3,4}. Which of these relations are transitive?

Rl = {(111)r (112)1 (213)1 (1'3)}

R, is transitive on A because

(12)eR,AN(23)ER, = (1,3) ER,
(L)) ER N(A2)ER, = (1,2) ER,
R, ={(1,2),(2,3)}

R, is not transitive on A because

(1,2) e R, A(2,3) ER,but (1,3) ¢ R,

Example 3.56: Let A = N. Define a relation R on A such that

R = {(a,b):a < b}. Is R transitive on A? symmetric on A?
Solution:

Transitive? Let (a,b) € R A (b,c) € R,Is(a,c) € R?
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(a,b))ERA(b,c)ER= a<b Ab<c
= a<c = (arc)ER

~ R is transitive on 4

symmetric? Let (a,b) € R,Is (b,a) € R?
Let (a,b)ER = a<bh

but this does not meanthat b < a

for example, let a=2, b=5

2<5but5>2

~ R is not symmetric on A

Example 3.57: Let A = N.DefineaRb < alb

Prove that R transitive and not symmetric on A
Solution:
transitive: let a,b,c € NsuchthataRb AbRc ToProveaRc
aRb= alb
= Jky €Zs.t.b = kja .....(1)
bRc= b|c
= 3Jk, €EZs.t.c = k,b .....(2)
substitute (1) into (2), ¢ = k,k,a
= c=kza, k;=kk,€Z
= alc

= aRc
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~ R is transitive

R is not symmetric. Take a=2 and b=4

It is clear that 2|4 (4=2(2))

but "4 does not divides 2" = Vk € Z,2 # 4k

Example 3.58: (H.W.) Let A = Z and defineaRb < ab >0 Va,b € Z

Show that R is transitive.

Example 3.59: (H. W.) Let A = R and define

aSbs< a—b>0Va,b € R. Is S transitive?

Equivalence Relation: 38l 433

A relation R on a set A is called equivalence relation if and only if R is
reflexive, symmetric and transitive

LSS ABDle and Agamtia g A el g ApulSad) () <5 Al A3Da)

Example 3.60: Let A = Z and R is a relation on Z such that

aRb © a+ b =2k, keZ

Show that R is equivalence relation?
Solution:
reflexive: T.P. aRa Va€Z
leta€Z = a+a=2a= (aa) ER
Symmetric? Let (a,b) e RT.P.(b,a) ER
(a,b) ER = a+b =2k

= b+a=2k

= (b,a) € R

87 e ben G — i e s




Foundation of Mathematics el e

~ R is Symmetric

Transitive: Let (a,b) € R A (b,c) € R To Prove (a,c) ER

(a,b)ER=a+b=2k,, kEZ...... 1)

(b,c)ER=b+c=2k,, k,€EZ...... )

By summing up equations (1) and (2)

a+b+b+c=2k;+ 2k,

a+c=2kk,+k,—Db)
at+c=2s s=k +k,—b€EZ
(a,c) €ER

~ R is transitive

Example 3.61:(H.W.) Which relations from previous examples are
equivalence relations?

Equivalence Classes: 8\l i sia

Let R be an equivalence relation on A. The set of all elements that are related
to an element a € A is called an equivalence class of a. The equivalence
class of a is denoted by [a].

Jal @ xnsa J) HS Caa e g ae R A8 (38

[a] = {x € A: x~a}
X € [a] & x~a
xX¢[al @ x+a

Example3.62 Let A = {1,2,3,4}. R = {(1,1),(2,2),(1,2),(2,1),(3,3), (4,4)}
be an equivalence relation on A. Find all equivalence classes on A.
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Solution:

[1] = {x € A:x~1} = {1,2}

|
[2] = {x € A:x~2} = {1,2}
[3] = {x € A: x~3} = {3}

|

[4] = {x € A: x~4} = {4}

Example3.63: Let A ={-1,1,0} and R ={(a,b) € Ax A:Ya = Vb} .
Show that R is an equivalence relation. Find all equivalence classes on A.

Solution: R = {(—1,-1),(1,1),(0,0)}
[-1] ={x € A:ix~ -1} ={-1}
[1] = {x € A: x~1} = {1}

[0] = {x € 4: x~0} = {0}

Example3.64: Let A=Z and R={(a,b) €Z %X Z:a—b =3k, k € Z}.
Show that R is an equivalence relation. Find all different equivalence classes

onZ.

Solution:

reflex.. Leta € ZT.P. (a,a) €R

a€Z=>a—-a=30), k=0€Z

Symm.: Let(a,b)) ER=a—-b=3k, k€Z
=b—a=-3k=3(—k), —k€eZ
= (b,a) €ER

Trans.: Let (a,b) € R A(b,c) € R ToProve (a,c) €ER

(a,b))ER=a—-b=3k,, ki EZ...... 1)

(b,c)ER=b—c=3k,, k;EZ...... (2)
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By summing up equations (1) and (2)
a—b+b—c=3k;+ 3k,
a—c=3(k,+k,)
a—c=3s s=k,+k,€Z
(a,c) €ER
~ R is reflexive, symm. and trans.
~ R is equivalence relation on Z
To find all equivalence classes, we start with
[0]={x€Z:x~0}={x€Z:x—0=3k, ke Z}
={x€Z:x=3k, keZ}
={0,3,-3,6,-6,.....}
[1]={x€Z:x~1}={x€Z:x—1=3k, ke Z}
={xe€eZ:x=3k+1, keZ}
={1,4,-2,7,-5,....}
[2]={x€Z:x~2}={x€Z:x—2=3k, k€ Z}
={x€Z:x=3k+2, keZ}

={25,1,84,....}

[B]={x€Z:x~1}={x€Z:x—3 =3k, ke Z}
={x€Z:x=3k+3, keZ}

={3,6,0,9,-3,.....}=[0]
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Example3.65: (H. W.) Let A=Z and R ={(a,b) € Z X Z:a— b = 5k,
#€Z. Show that Zis an equivalence relation. Find all different equivalence
classeson Z.

Example3.66: Let A = N. Define a relation R on A such that

R ={(a,b):a = b}. Show that Ris an equivalence relation. Find all
equivalence classes on N.

Solution:

R is an equivalence relation (H. W.)

[1] = {x € N:x~1} = {x € N:x = 1} = {1}
2] ={x e N:x~2} ={x € N:x = 2} = {2}

[B3]={x e N:x~3}={x € N:x =3} = {3}

Theorem3.67: Let R be an equivalence relation on A, then:

l.[a] #® Va€eA
2.a ~b ifand only if [a] = [b]
.a+ b < [aln[b]=0

Proofl: [a] = {x € A:x~a}
Since R is an equivalence relation = R is reflexive

—>a~a Vae€eAi
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= a € [a] (def. of equi. classes)

= [a] # 0
Proof2: =) Suppose a ~b T. P [a] € [b] A [b] € [a]
let x € [a] = x~aAa~b
= x~b (R istrans.)
= x € [b]
[a] < [b]
Similarly, prove that [b] € [a] (H. W.)
&) Let[a] =[b] T.P.a~b
since R is reflexive = a~a = a € [a] = [b] (from hypo.)
= a € [b] = a~b
Proof3: =) Supposea » b T.P [a]n[b] = @
suppose [a] N [b] # @
dx € [a] n[b] = x € [a] A x € [b]
= x~a A x~b (def. of equi. classes)
= a~x Ax~b (Rissymm.)
= a~b (R is trans.) contradiction
~laln[b] =0
(=) suppose [a]N[b]=OT.P.a~+b
suppose a~b = [a] =[b] (from2)

= [a] N [b] # O contradiction
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Proof4: =) suppose [a] # [b] and [a] N [b] = @
= a~b (from 3)

= [a] = [b] o= e s

&) suppose [a]N[b] =0 T.P.[a] # [b]
suppose [a] = [b] = [a] N [b] # @ =i
+ [a] # [b]
Definition: Partition of a Set 4 saxall & jas
A collection of subsets {A;:i € I € N} of A is called partition of A if

i 13 A JAAS e 4 (e {411 € NS sl 45 5al) Cle sanall (e aan
< Al Ly

1.A;#0 Viel

22ANA=0 Vi#]j

3. Uies4i =4

Example3.68: Let A = {0,1,2,3,5, —2}. Find two partitions of A.
Solution: First partition

The collection A; = {0,1}, A, = {2,3,5}, A; = {—2} form a partition of A
because

1. A, #0,A, #0and A; # @

2.A1NA, =0, AinA;=0and A, NA; =0

3.4, UA, UA; = A

Second Partition(H.W.)
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Example3.69: Let X = [—2,5). Find two partitions of X.
Solution: First partition
The collection A; = [-2,3],4, = (3,4),A; = [4,5) form a partition of X

Second Partition (H.W.)

Theorem3.70: Let R be an equivalence relation on a nonempty set A. Then
the set of all different equivalence classes forms a partition for A.

Proof: Let P = {[a]: a € A} the set of all different equivalent classes of A
T. P. P is a partition of A

(1) [a]#® VaeA (from Theorem 3.67(1))

(2) Let [a], [b] are two different equivalence classes T. P. [a] N [b] = @
Since [a] # [b] = [a]n[b] = @ (from Theorem 3.67(3))

(3) T.P. Ugeulal = 4

T.P. Ugealal SAN A S Ugeulal

let x € Ugeala] = x € [a] forsomea € A

= x€A ([a] €A4)

letx € A= x € [a] forsomea € A

— x € Ugealal ([a] € Ugealal)

From (1) and (2), Ugeala] = A

Example3.71: Let A = Z and definea Rb < |a| = |b| Va,b € Z
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Prove that R is an equivalence relation. Then find all different equivalence
classes (i.e., find a partition set of 7).

Solution: R is an equivalence relation (H. W.)

[0] = {x € Z:x~0} = {0}

[1] = {1, -1}
[2] = {2, -2}
etc

Partition set=P={[a]:a € Z*}

Example3.72: LetA=ZandR ={(a,b) € ZX Z:a—b =3k, k € Z}.
Find the partition set on Z.

Solution: From Example 3.64, the relation R is an equivalence relation
Partition set=The set of all different equivalence classes
P= {[0], [1], [2]}

Example3.73: Let A = {1,2,3,4,5,6} and
A, ={1,2,3}, A, = {4,5}, and A; = {6} are partition of A. Write the
equivalence relation R produced from A, A, and A;.

Solution: The subsets A4,, A, and A5 are the equivalence classes of A
1. A; = {1,2,3} is an equivalence class of A

= (1,1),(1,2),(1,3),(2,1),(2,2),(2,3),(3,1),(3,2),(3,3) ER

2. A, = {4,5} is an equivalence class of A

= (4,5),(4,4),(54),(5,5) €R

3. A; = {6} is an equivalence class of A
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= (6,6) € R

R ={(1,1),(1,2),(1,3),(2,1),(2,2),(2,3),(3,1),(3,2), (3,3),
(415)1 (414)1 (5,4), (5,5), (6'6)}

Order Relations < all ciéde

1. Partially Ordered Relation: L 4 sl d8Mal)

A relation R on a set A is called Partially Ordered Relation (P. O. R) or
partially ordering if it is reflexive, anti-symmetric and transitive. The pair
(4, R) is called partially ordered set.

Aol aim ¢ Al Sa) A8l il 1A L ja A je et A de ganall e 483l
L5 4 el de gandly (A, R) gl oo S A

Mathematically,

R is P.O.R & R reflexive A anti symmetric A transitive

Risnot P.O.R & R not reflexive v not anti symmetric v not transitive

Example3.74: (H.W.) Let A = {1,2,—3} be a set. Let

R, = {(a,b)) EAX A:a = b)
= {(1,1), (2,2), (_3; _3); (1' _3); (271)' (27 _3)}

RZ = {(111)1 (2'2)1 (_3' _3)' (1'2)1 (2'1)}
R3 = {(111)1 (212): (_3: _3)} = IA

Are (4,R,), (A, R,) and (A, R3) partially ordered sets?
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Example3.75: Show that (Z, >) is a partially ordered set

Solution: Let R be a relation such that

R={(a,b)€ZXZ:a = b}

We must show R is reflexive, anti symmetric and transitive

Reflexive: sincea > a = (a,a) € R = Ris reflexive

anti-symmetric: let (a,b) € R A(b,a) ER T.P. a=0b
=a=b =>a=r+b, r=0...(1)

And b>a =>b=s+a, s=0...(2)

Substitute (1) in(2) = b=s+r+b>b

r,s=0
=s+r=0=—r=s=0

Substituter =0in(1)) =>a=5»
R is anti symmetric

Transitive: let (a,b) ER A(b,c)ER=a>=b Ab=>c

=a=>b =a=r+b, r=0...(1)
And b>c =>b=s+c¢ s=20...(2)
Substitute (2) in(1) = a=(r+s)+candr+s=0

= a =>c = (a,c) € R = Ris transitive

Remark3.76: For any nonempty set A4, the relation A x A is not P.O.R

Example3.77: Let A = Z and R = Z X Z. Show that R is not P.O.R

The relation R is an equivalence relation = R is symmetric
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= (a,b) €eRand (b,a) ER Va,b€R
But a # b (in general)

= R is not anti symmetric

= RisnotP.0.R

Example3.78: (H .W.) LetA=Zand R, = {(a,b) € Z X Z: a|b}

R, ={(a,b) € Z X Z:a < b}
R; ={(a,b) €EZXZ:a < b}

R, ={(a,b) €Z X Z:a > b}

Show that (Z, a|b) is not a partially ordered set
Show that R, is P.O.R

Show that R; and R, are not P.O.R

Example3.79: (H.W.) Let X ={1,2,3} and R ={(4,B) € P(X) X
P(X):A € B}

Show that R is a partially ordered relation on P(X)

Definition3.80: Let R be aP.O.Ronaset A and leta,b € A. Then a, b are
called comparable 4 tall (i@ o paic with respectto R if (a,b) € R or
(b,a) €R.

Mathematically,

a, b are comparable & (a,b) € Rv (b,a) ER

a, b are not comparable & (a,b) € RA (b,a) € R
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Example3.81: Let A = {1,2,3}, let

R ={(1,1),(2,2),(3,3),(1,2),(3,1),(3,2)} beaP.O.R
Find the comparable element in A with respect to R

1R 1 = 1,1 are comparable

2R2 = 2,2 are comparable

3R3 = 3,3 are comparable

1R2 = 1,2 are comparable

3R1 = 1,3 are comparable

2R3 = 2, 3 are comparable

Example3.82: (H. W.) Let A = {3,4,6,8,10}and R = {(a,b) € A X
A:ab}

Find the comparable element in A with respect to R

2. Totally Ordered Relation LiS 4. al) 433al)

A relation R on a set A is called totally ordered relation (T. O. R) or
totally ordering if

1. RisP.OR
2. a,b are comparable Va,b € A

Cppaie OS5 L e A e ARl il 1) LIS AS jo oot A de sanall e A8
R A8al) dplly 45 jlaall (plls 4 8

Example3.83: Let A = {1,2,—3} be a set. Let

R ={(a,b)) €EAxXA:a > b)
= {(111)1 (212)1 (_31 _3)1 (1' _3)1 (271)) (27 _3)}
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IsR T.O.R?

Solution: P.O.R: From Example 3.74, R isP.O.R

Comparable: From reflexive relation, each element is comparable with itself
(1,—3) € R = 1,—3 are comparable

(2,1) € R = 1,2 are comparable

(2,—3) € R = 2,—3 are comparable

~ a,b are comparable Va,b €A

~RisT.OR

Example3.84: Show that (Z, >) is a totally ordered set

Solution: P.O.R: From Example3.75, R is P.O.R
Comparable: TP. a=bVvb>a Vabe€eZ
LetabeZ=a=bVva>bVb>a
= a=>bva=bVb=a
= a=>bVb=a
= aRb V bRa
. a, b are comparable Va,b € Z
~ZisT.O.R

Example3.85: (H .W.) Show that (Z, <) is a totally ordered set

Example3.86: (R, <),(R,>),(Q,>),(Q,<),(N,<),(N, =) are totally
ordered sets

Example3.87: Give an example of a P.O.R that is not T.O.R
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